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UNIT -1
FOURIER SERIES
Introduction:

Fourier series named after the French Mathematician cum Physicist Jean Baptiste Joseph
Fourier (1768 — 1830), has several interesting applications in engineering problems. He
introduced Fourier series in 1822 while he was investigating the problem of heat conduction.
This series became a very important tool in Mathematics. In this chapter we discuss the basic
concepts relating to Fourier Series and obtain development of several functions.

Periodic Function:

A function f(x) is said to have a period T if for all x, f(x + T) = f(x), Where T is a
positive constant. The least value of T > 0 is called the period of f(x).

For Example:

The Trigonometry functions are periodic functions.

% sin x then the function has periods 2, 47, 61, ...
% cos x then the function has period 27, 47, 67, ...
% tan x then the function has period 7

1. Show that a constant has any positive number as period.

Solution:
fx) =k
fx+c)=k

fx)=flx+c)
Therefore, f(x) is periodic with period c.
Limit of a Function:

A function f(x) is said to tend to a limit [ as x — a if to each given &€ > 0, there exists a
positive number § such that |[f(x) — [| <&, when 0 < |x—a|] <§. It is denoted by
lim,_, f(x) =L
Continuous Function:

A function f(x) is said to be continuous at x = a if f(a—0) = f(a+0) = f(a).
(ie) f(x) is said to be continuous in an interval (a, b) if it is continuous at every point of the
interval.

Discontinuous Function:
A function f(x)is said to be discontinuous at a point if it is not continuous at that point.

x ifx<l1

. . Here x = 1 is a point of discontinuity.
x2if x>1 P 4

Ex. f(x) = {
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PIECEWISE CONTINUOUS FUNCTION:
Definition 1:

A function f(x) is said to be piecewise continuous in an interval if

% the interval can be divided into a finite number of subintervals in each of which f(x)

is continuous and

% the limits of f(x) as x approaches the end points of each subinterval are finite.
Definition 2:

A piecewise continuous function is one that has atmost a finite number of finite
discontinuities.
Dirichlet Conditions

A function f(x) is defined in ¢ <x <c+ 2l can be expanded as an infinite

trigonometric series of the form

(00} co
nmwx . nmx
+ a, cos— + b, sin 7
n=1 n=1

provided by

(1) f(x) is defined and single valued except possibly at a finite number of points in
(c,c+ 2D).

(i) f (x) is periodic in (c, ¢ + 21).

(iii) f(x) and f'(x) are piecewise continuous in (c, ¢ + 21).

(iv) f(x) has no or finite number of maxima or minima in (c, ¢ + 21).
FOURIER SERIES:

The infinite trigonometry series

nmwx . nmx
(x)—7+2ancos—+ bnsmT

n=1
is called the Fourier series of f (x) which satisfy Dirichlet conditions in ¢ < x < ¢ + 21.
where a,, a,, and b,, are called Fourier coefficients and the values are given by Euler’s

formula. Then we have

1 c+21

@ =7 f(x)dx

c

c+21

f f(x) cos —_— dx

c+21

nix
b, = - f(x) sianx
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2. Write the Euler’s formula of f(x) in (¢, c + 2m).

1 Cc+2T
a, = ;[ f(x)dx
C

1 c+2m
a, = ;f f(x)cosnx dx
c

1 c+2m
b, = —f f(x)sinnx dx
T (5

Problem based in the interval (0, 21)
3. Find the Fourier Series expansion of period 2! for the function f(x) = (I — x)? in the

range (0, 21). Deduce the sum of the series ),_; n—lz

Solution:
Given: f(x) = (I —x)%in (0,2])

w.k.t. the Fourier Series expansion is

nmx

L C R R N Y R 1)

To find a,:

wkt ay = %f;lf(x)dx

12 5
_Tfo (I —x)?dx

21

_1 '(l—X)3]
T L -3 1o
1 a-2p? (1—0)3]
T 3 3
Y
T uls o3
_ 1723
Tl
212
ag = T """"""""""""" (2)
To find a,,:

l
wkt a, = %foz f(x) cosgdx

= 22— )2 cos P
—lfo(l x)? cos——=dx
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By using Bernoulli’s Formula [ uvdx = uv; —u'v, + u"vg —u'"v, + -

Take u = (I — x)? v= cos#
W =20l - x)(=1) vy = e
l
= —2(-x) vy =~k
12
sin® X
u' =-2(-1) V3 = ——%
13
=2
21
nmx nmx TX
1 5 S I’IT COST SIHT
=7 (l—x) T +2( —x) 2.2 +2 3.3
l I2 I3 o
1 2 sin nrt%Zl) cos nnEZZ) sin nn%Zl)
=W T | 2D | T T
[ Iz I3
5 sin nrtl(O) cos nrrl(O) sin _nnl(O)
~| GO T ) 2 O e | 72|
[ 12 NE
, [ sin2nm cos2nm sin 2nm cos0
=7)|¢Y nr n?m? n3n3 N n2r?
[ I2 I3 I2

1 1(0) 12(—1)?
= 7{[“)2 () + 2 (7) - 2(

w)| - [

** sinnm = 0 and cosnm = (—=1)"

iz )] - |2 )
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(4
1 |n2w?

412
n2m?

To find b,,:

....................... A3)

a, =

wkt b, = %fomf(x) sin@dx
— 12 2 sin P
—lfo (I —x)?sin —dx

By using Bernoulli’s Formula | uvdx = uv, —u'v, + u" v, —u""v, + -
1 2 3 4

Take u = (I — x)? v= sin@
COSﬂ
u' =2(l—x)(—1) vy = ———
l
sinm
==-2(l—-x) Vy = ——%
12
COSE
u' =-2(-1) V3 = —
l3
=2
nwx . NITX nwx
5 COST SIDT OST
=7\ mmmr | At | P2 e
l 2 3
l l 0
2 cos nnEZZ) sin nn%Zl) cos nnIZZ)
=720 | 202D g |2 e
l 12 NER
2 cos nnl(O) sin nnl(O) cos nnl(O)
—|1d-0)| - T -2(l-0)| — o +2 3.3
l I2 I3
. CoS 2nm sin 2nm CoS 2nm
a0 1 RS il R Sl Bt ey
l 12 ER
cosO sin0 cosO0
- O - nn — e T n3m3
l I2 I3
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Her 2 (18) o2)
l nm n?m? n3m3
l 1(0) 3
®* (_ E) —a <_ n2n2> *t2 <n3n3>l}

** sinnm = 0 and cos nw = (—1)"
1 1(~1)2 13(~1)? l e
e (S ()

Substituting (2), (3) and (4) in (1), we get

2 < 412 nix
flx) = 3 + 32 cosT
n=1
L AP L — (5)

Here 0 is a point of discontunity which is an end point of the given interval 0 < x < 2.
Therefore, the sum of Fourier series (5) at x = 0 is the average value of f(x) at the end
points. i.e., at x = 0 and at x = 2[.

Put x = 0 in (5) we get

v fe) =1 -x)?

2
+ 2y LeosMESLOHED | p(0) = (1-0)2 =12
fD=0-2D*>=1?
_ 42
T2
=2
42 Qe 1 1?
iz = =3
412 212
Zn 1 T
22
T =
0 1 w2
Z"=1n_2:? (or)
1 1 1 )
F-I_ZZ 32+ -+ oo =m"/6
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4. Find the Fourier series of period 2l for the function f(x) = x(21 — x) in (0, 21).

1 1 1

Hence deduce the sum 0f1—1Z ) + 2 + -

Solution:
Given: f(x) = x(21 — x) in (0,21)
w.k.t. the Fourier Series expansion is
X nmx

FO) = 24 B q @y €08 == + Y2y by ST emememememenenenea (1)

To find a,:

wktao =1 [ Fodx
1 p21
= Tfo x(21 — x) dx

= %fOZI(le —x?)dx

_1[21x? x3]21

L 2 31g

1 813
=74 -]

l 3
1 '1213—813]
T 3
Y s
Tl

412

Qg = mmmsssmmeeeeessssoeee- (2)

To find a,,:

l
wkt a, = %foz f(x) cosgdx

1,21 nmx
= on x(2l = x) cos—~dx
1 21 nmnx 21 nmx
= T{Zlfo xcos——dx — [~ x* cosde}

By using Bernoulli’s Formula [ uvdx = uv; —u'v, + u”"vy —u'"v, + -
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nrt.
Take u = x v = cos—~ u = x?

u' =1 v = —wrt u' =2x
l
u’' =0 v — COS# u'’' =2
- 2 — n2n2 -
12
Sinn_?x nr
U3 = ——353 u” =0
13
( . NTX nmwx 2t
1 sin—= oS —
i G Gl Uy Al G
l 12
0
21
. MTX nwx nmwx
) SII’IT COST SIHT
I Al B BTy n3m3
l 2 3
[ [ 0
. nm(21 nm(21 . nm(0
1 sin E ) cos# sin l( ) cos ni(0)
l Iz l Iz
2 Sinnn%Zl) cos nrr%Zl) sin nrrEZl) 2 sin nnl(O)
— |4l —am + 41 —zz |~ 2 —ags | (0) T
l I2 I3 l
cos nrrl(O) sin nrrl(O)
+ 2(0) e -2 33
[2 3
sin 2nm cos 2nm sin 0 cosnm(0)
1 2112 nr n2mz | 0 nr nznz
l 1z l
, [ sin 2nm CoS 2nm sin 2nm . 0 cosO
B nr 41 n2m? 33 | (0) nr 2(0) n?m?
l I2 I3 l I2
sin 0
B n3m3
I3
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10  [I2(—1)? 12
T {Zl [Zl< nmw ) < n?m? ) —0- <n2n2>l
[ 1*(—-1 13 12 3
l4l2< © )) 4l< TE n) ) 2<n (0)> (0)2< L0 )) +2(0) <n2n2> _ 2<n3(7(r)3>l}

** sinnm = 0 and cos nmr = (—1)"

o) o)

To find b,,:
wkt by == [* f(x) sin " dx
= %fOZIx(Zl — x) cosgdx
nmx

= %{ZlfOlecos—dx - fzzxz cos#dx}

By using Bernoulli’s Formula [ uvdx = uv; —u'v, + u''vy —u'"v, + -

. nmx
Take u = x v =sin— u = x?
nmx
, COST ’
u' =1 v, = T u' = 2x
T
sinﬂ
u’' =0 V, = ——% u’ =2
12
COSﬂ
— l nro__
U3 1’1371'3 u -_ O
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21l

( nmx . NTX
1 COST Sll’lT
i Gl i S A
l 12
0
nmwx . NTX nmwx 2t
COST Sll’lT COST
— x| - T 2x| — oy + 2 g
[ 12 I3 o
nm (21 . nm(2l nm(0
1 cos# sm# cos l( ) sin n(0)
1 2012t = nr + n2m? -0 nn n2m?
l I2 l I2 ]
cos nrt%Zl) sin nngZZ) cos nrr%Zl)
— 412 - % + 41| — —3—2 +2 i
2 13
2 cos nnl(O) nnl(O) cos nnl(O)
—(0)“| — T + 2(0) > 2 373
[ I2 I3
1 cos 2nm sin 2nm cosO sin 0
R U Gt I el Bl (s ) Bl (e
l 1z l I2
CcoSs 2nm sin 2nm coSs 2nm cos0
— 4% - — —(0)%| -
ni 2.2 n3m3 nn
l I2 I3 l
sin 0 cos 0
+200)| — 2772 n373
[2 13

1 l 12(0) l 12(0)
= 7{2‘ [21 (~7e)* (nznz> ~0(~5z) - (wz)l
l 12(0) 13 l 12(0) 13
B [MZ (_ E) + 4 <_ n2n2> +2 <n3n3> - (07 (_ E) +2(0) <_ n2n2> —2 <n3n3>l}

** sinnm = 0 and cosnmw = (—1)"
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4l3+ 203 203
nt  n3w3 nd3n3

}

Substituting (2), (3) and (4) in (1), we get

4]? 0
T 4]? nmx
flx) =—+ Z cos—

n=1

212 412 1 nmx
= 5 T 7 Zne153 COS — - mmeemmmeemmmeene (5)

2 2
%_izn 1—cosnn =12l - 1)

1 212
— =13 COSNT = 12 —=—
412 Qoo 1 12
?anlﬁCOSTlT( =3
2 1.[2
Yne 1—cosnrr = —>< —i

izcosn+i2c052n+i2cos3n+i2cos4rr+---=—n—
1 2 3 4 12
L S T CO A SO
12( ) 22 32 42 - 12
1 N 1 1 N 1 B 2
12 7 22 32 42 12

1 1 1 1 T
(1_2_2_2+§_E+"'>=__

1 1+1 1 2
12 22 32 42 12
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if-m<x<O0

- . Hence
ifo<x<m

5. Find the Fourier series of the function f(x) = {0 ]
sin x
deduce that (i) — + — + — + -+ + @
cduce that ) 73735 757

1 1
1.3 35

(i) +oo— et
Solution:

if -m<x<0,.

. . _ 0 B
leen.f(x)—{ sinx if0<x<nm 1n( T[,T[)

w.k.t. the Fourier Series expansion is
flx) = % + Y1 a,cosnx + Y1 b, SINNX —mmmemmmeeeeeeeeeen 1)

To find a,:

wkt ay = %f_nnf(x)dx
=2{[° Feodx+ f] f(x) dx}
= %{f_onde + f:sinxdx}

[—cosx]§

S

[— cosm + cos 0]

R

To find a,,:

wkt a, = %f_nnf(x) cos nx dx
= %{f_onf(x) cosnx dx + fonf(x) cos nx dx}
= %{f_on(O) cosnx dx + fon sin x cos nx dx}
= %{f:sinxcosnx dx}

1

= ;{foncosnxsinxdx}
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_ l{fon [sin(n+1)x—sin(n—1)x] dx}

T 2

= i{fonsin(n + Dx dx — [ sin(n — 1)x dx}

-l -

. i{_ cos(n+1)m + cos(n+1)(0) + cos(n—-1)m . cos(n—l)(O)}
- n+1 n+1 n-1 n-1

21

B T L

n+1 n+1 n-1 n-1

_ 1 {—(—1)n+1(n—1)+(n—1)+(—1)(n—1>(n+1>—(n+1)}
T oom (n+1)(n-1)

(D" - -D"(n+1) -2}

2n(n2 1)

D" - D" =n(=D" - (D" -2}

2n(n2 1)
27t(n2 o 72(=D" =2}
v (11 — (_1\n-1
= s D - 1) D= D
_ 1_
= s 1){( D -1}
0 if nisodd
I =) ——— ifniseven ~TTTTTTTTTTTTTT )
n(n2-1)
To find b,,:

wkt b, = %f_nnf(x) sinnx dx
= l{fo f(x)sinnxdx + [ f(x) sinnxdx}
o -m 0
- % {f_on(()) sinnx dx + fon sin x sin nx dx}

=1 " sinx sinnx dx
T YO
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1 fon [cos(1+n)x;cos(1—n)x] dx}

= %{fon cos(1+n)x dx — [ cos(1 —n)x dx}

_ i{[sin(1+n)x]n _ [Sin(1—n)x]7t}

T 2w 1+n 0 1-n 0

_ 1 {sin(1+n)n' + sin(1+n)(0) . sin(1-n)m . sin(l—n)(O)}

2n 1+n 1+n 1-n 1-n

= —{0}

Putn = 11in (2), we get

Q)=>a, = %f_nnf(x) cos x dx

:%{f_onf(x) cosxdx+f0nf(x) cosxdx}

1( 0 T .
= ;{f_n(O) cos x dx + fo sinx cos x dx}

1

= ;{f:sinxcosxdx}

-

1 cos Zx]”

0

27T 2

T Sin 2x
[ dx}
0 2

=L [— cos 2m + cos 0]
41T

1
_E[_l-l-l]

Putn = 11in (3), we get

G)= by ==[" f(x)sinxdx

T

= %{f_onf(x) sinx dx + fonf(x) sinxdx}
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= %{I_OH(O) sinx dx + fon sinx sinx dx}
loem
=—{J, sinxsinx dx}

= %{fonsin2 x dx}

1 T (1—Ccos2x
=- dx
nfO ( 2 )

=L Tdx — [ cos2x dx
2 YO0 0

- 2 (s -[22)

P — (6)

Substituting (2), (3), (4), (5) and (6) in (1), we have
2 2 1
f(x) = % + ZZ)=2,4,6,... (— m) cosnx + > sin x
1 2ww 1 1.
f(x) - ; - ;Zn=2,4,6,... (n-1)(n+1) cosnx + E SIN X =-======mmmmmsen (6)

Put x = 0 is a point of continuity of f(x), we have

. 1 2@ 1 1,
From (6), sin0 = = ;Zn=2‘4‘6’_"mCOS 0+ > sin 0

1 2 1

[ee] J—
T m Zn=2,4,6,... (n-1)(n+1)

2 woo 1 _1
7 L2460 DD

1,1 1 1 .
R T proof (i)

Put x = g is a point of continuity of f(x), we have
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T 1 2 1 nrw 1 T
From (6), sin—=—-—=)>"_ ——coS— + -sin—
6), 2 r nzn—z'%'--- (n-1)(n+1) 2 2 2

1 2 ©oo 1 nm 1
i ol ———cos—+-=1
i nZn—2,4,6,... (n-1)(n+1) 2

1

1 nm 1
cos—=1—--—=
2 2

_ Ezoo _r

m EM=246, (n-1)(n+1) T

2 2mT—10—2
lmtnatl =T
2 [ 11 1 ] -2
w11.3 3.5 5.7 21
1 1 1 -2 .e
— 4 —+—4+ -+ 0= — - roof (ii
1.3+3.5+5.7+ + 4 p ( )

kif —1<x<0

6. Find the Fourier series of f(x) = {x if 0<x<1" Hence find the sum of the

. 1,1, 1
ser1es(1)1+3—2+5—2+%+...oo

.s 1 1 1
(ll)l—§+g—;+"'00

Solution:

) kif —1<x<0,
leen:f(x)z{x i]]: 0<x<11n(—1,1)

w.k.t. the Fourier Series expansion is

F) = 2+ Tg @y COSNTEX + Y5y by SINATEX omememememememenenss 1)

To find a,:

wkt ay = f_llf(x)dx
= [2 F@) dx + [ f(x) dx
= f_olkdx + folxdx
= [kx]%, + [xz—z]o

=[0+k]+[§—0]
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To find a,,:

wkt a, = f_llf(x) cos nx dx
0 1
= [, f(x) cosnxdx + [ f(x) cosnx dx

0 1
= [, kcosnxdx + [ x cosnmx dx

Take u =x UV = COSNIX
sinnmx
u' =1 v, =
nm
"o _ _ cosnmx
u’' =0 V= o

By using Bernoulli’s Formula [ uvdx = uv, —u'v, + u''vy —u'"v, + -
[k sin nmx]© sinnmx cosnmx\ 11

=|—- +|x —1{——
| nm -1 nm n?m 0

_ :k sin(0) _ ksin(;nn)] + [1 (sinnn) 1 (_ cos nn) ~0 (m) _ &(0)

nm n nm n2m? nm n2m?

n2m? n2m?

=[o-o0+0+ 55—

NC—

n2m? n2m?

_ (—l)n—l]

n2m?

2 L.
{—ﬁ if nisodd
an = nemw
0 if nis even

To find b,,:

wkt b, = f_llf(x) sin nmx dx
0 . 1 )
= f_lf(x) sinnmx dx + fo f(x) sinnmx dx

o, . 1.
= f_lksmnnxdx+f0 x sinnmx dx

Take u =x v = sinnmx
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cosnmx

u' =1 v = —
nm
"o_ - sinnmx
u’' =0 Uy = o

By using Bernoulli’s Formula [ uvdx = uv; —u'v, + u"vg —u'"v, + -

(=] o (-2 ()]

_ [ kcos(0) k cos(— ‘I‘LTL’)] [1( COS‘I‘LT[) 1 (_ M) —0 (_ &(0)) __sin(0)
| nmw

nm n2m? nm n2m?

— [k kDT DR 1)n_|_0 0— ()]
B nrm nm
k (-nn
by, = ——[1 = (=1)"] = —— e 4)

Substituting (2), (3) and (4) in (1), we have

1

2 . k D"\ .
f(x) = 2 + X135, ( ~ nz) cosnmx + Yoy (_E [1-(-1D"] - ?) sin nmx

k1, woo 2 o k (D™ .
fX) =245+ Znz13s,.. (— W) CoOSNmX + X4 (— —[1-(D" - 7) sinnmx

Put x = 0 is a point of discontinuity of f(x), we have

sum = lim,,_, f—(o_h);f(o+h)

k+h
= limy_o—

N | &

k k (0] - n .
From (5),2 = >+ i - %Zn=1,3,5 — cosnm(0) — —Zn 1 ( 1-(C-D"] - %) sin nm(0)

2 0 1
2 Zn=1,3,5,... n2 -

N | &
N | &

&R

2 0 1
2 Zn=1,3,5,... n2 -

&R
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1,1 1 n? .
Ztatat o to=F e proof (i)

1. : _
Put x = ~is a point of continuity of f (x), we have

sum = f(x)
-1
T2
From (5),
1 k1 2@ 1w [k (-1) .
ST T T e Zn=1,3,5,...§C05 nm (‘) ——Xn=1 (— [1-(-D"] ) sinnw (5)
1_k, 1 2k-lqe (1 1
s=5 T I () sinna (3)
2k-1geo (1 nt_ 1 k1
o n Z"=1(n)sm - 2 4
_(Zk—l) [l_1+l_l+ ]=2—2k—1
T 1 3 5 7 4
_(Zk‘l)[l_l+l_l+ ]=—2k+1
T 1 3 5 7 4
1 1,1 1 T .
I—§+E—;+"'OO—Z ------------- pl’OOf(ll)

7. Find the Fourier series of f(x) = x? in (0, 21). Hence deduce that

~1 01 1 _ m?
(1)1—2+2—2+3—2+“'+00— 3

eer 1 1 1 w2
i — — — —_ — e o0 = —
()12 22+32 + 12

(ifi) 33 + 37+ 55+ + 00 =’%2
Solution:
Given: f(x) = x2in (0, 20)
w.k.t. the Fourier Series expansion is

L C R R N S 1)

To find a,:

wkt ay = %fOZIf(x)dx
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1 %312
1 [? 0
1[813
=115 -9
812
@y =" e )
To find a,,:

l

wkt a, = %foz f(x) cosn—?xdx
_1 2l 5 nmx
=-J, x*cos—=dx

By using Bernoulli’s Formula [ uvdx = uv, —u'v, + u''vy —u'"v, + -

Take u = x2

v = cos#

, sin2%
u' = 2x (21 T
l

COSm

u” =2 Uy = — nzné
12

sinn—fx
U3 = ——F35.3

13
nmx nmx . NIX
1 ) SIHT COST SII’IT
=711 nn — 2x 22 313
[ I2 I3
0
" 2 Sinnn%Zl) cos nrr%Zl) sin nr(210)
=N\ T )P e ) 7 e
l 12 NE
sin nnl(O) cos _nnl(O) sin _nnl(O)
- |© nn +2(0) n?m? ~ 2| T
l I2 I3
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1 1(0) 12(—1)? 13(0)
a T{MZ <E) + 4l ( n2m? > —2 <n3n3>}

** sinnm = 0 and cos nw = (—1)"

_1( 4P
1 |n2m2
2

. E LY JE— - (3)

To find b,,:

wkt by =1 [* f(x) sin " dx
— 122 g, M
=), x*sin——=dx

By using Bernoulli’s Formula [ uvdx = uv; —u'v, + u''vs —u'"v, + -

Take u = x2 V= sin#
u' = 2x v, = — cosn_?x
= L= o
l
" sinn—?x
u’''=2 Uy = — 2.2
12
COS%
U3 373
l3
nmx . NI nmx 2t
1 ) COST SIHT COST
= 7 X # 2x ] + 2 g
[2 13 0
nm(21) nm(21) nm(21)
1 , 05— ~ ~ in— cos
= 4] 2(2D) +2
! L 2m? n3n3
l 12 I3
. cos _mtl(O) sin nnl(O) cos nnl(O)
— @7 - nn —200)| - n2m? +2 n3m3
[ Iz I3
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nr n2m? n3m3

CoS 2nm sin 2nm 5 cos 2nm ‘ lz cos 0

-l (-5 ) () 2 (G | =)
l nm n2m? n3m3 n3m3

** sinnm = 0 and cos nw = (—1)"
_ I l3 l3
{_‘”2 (~5m) 2 <nn>l } lz (nn)l}

_Af[ae, 2r) g2
1 | nm nind n3m3

Substituting (2), (3) and (4) in (1), we get

812

o) = N 42 nmx N = 412\  nmx
x) = = E cos— E —— | sin—
n2m? l nr mn l
n=1 n=1
_ 412 412 o 1 nmx mtx
=5+ 7 Xn=17€0S ___Zn 1 T TTTTmmmmemmmmemeees ®)

Put x = 0 is a point of discontinuity of the function f (x), we have

TLT[X

f( ) == + Zn 1 2 = Zn 1 l
412 4P G 1 nnx nnx . f(0—h)+£(0+h)
T T eos T = TR Tsin T = limy [FE O]

412 412 li
— Zn 1—cosO——Zn 1—51n0 = limy_,q

(—h+21)2+h2]
3

2

4% (oo 1 2 4l?
w(Bran) =2 =%
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4?2 (oo 1Y) _ 212
77 Bnm1z) =5

2
1l2+2l2+3l2+---+oo=% ----------------- proof (i)

Put x = [ is a point of continuity of the function f(x), we have

nmx 412

412 4l Qe 1 I’ e 1 . nmx
fOO) ="+ 80, SeosME - ye | Lsin ™
412 n 412 g 1 oS nmx 417 g 1 sin nnx 12
3 n2 Sn=1y2 l n “n=1y 1
4% G 1 42 oo 1, _ 2 412
;Znﬂﬁcosnn —72,1:1 —sinnm = 1° ——

412 (Qoo 1 n 12
(T (D7) = =5
1 2
[ - .o o0 = ——
ettt 12
1 1 1 72
—_ — — — _— )= ——
(12 2t + ) 12
1 1 1 _m? £ (i
5—2—2+§—---+OO—E ----------------- proof (ii)
By adding proof (i) and (ii), we have
1 1 1 n?  m?
12+32+52+ + 6+12
1 1 1 22 +m?
2(_ — — vee OO) =
pretett 12
2(Z+5+5+tw)=T
12 32 52 T s
1,01 1 _ m? f (Gii
Etatat to=g - proof (iii)

8. Find the Fourier series expansion of f(x) = x? + x in (—2, 2). Hence find the sum
. 1 1 n?
0ftheser1es1+2—2+3—2+ vt oo =

Solution:
Given: f(x) = x?> + xin (—2,2)

w.k.t. the Fourier Series expansion is

nmx
2

1)

f() =2+ T g @ cos—= + Xy by sin
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To find a,:

wkt ag = = f_zzf(x)dx

T2

%f_zz(xz +x) dx

= %foz(xz + X) dx

=[5 +2T,
=:G+3)-(=5+3)
R @
To find a,,:

2
wkt a, = %f_zf(x) cos%dx
_ l 2 2 nmx
= 2f_z(x +x) cos—=dx
_1 2 - nmx 2 nmx
= Z{f_zx cos——dx + [, x cos—= dx}

By using Bernoulli’s Formula [ uvdx = uv; —u'v, + u''vg —u'"v, + -

nmx
Take u = x? v = cos— u==x
sinﬂ
u' = 2x Vv, = — u' =1
2
COSﬂ
" o__ 2 " o__
u' =2 Uy = — u" =0
4
. NIX
Sll’lT
U3 = — 5.3
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1 sin —— cosm sinm i
_ 2 2 2
=21 nm —2x 212 t2] - 33
2 4 8 )
sin—mrx cos nnx i
2 2
8 i S A e
2 7 —
i nn2(2) Cosnnz(Z) Smnnz(Z)
=5914 nm +4 2,72 —2 3.3
2 = nem n>m
2 7 8
nn(2—2) Cosnn( 2) nn(Z—Z)
— 14 nw t4 n2m? -2 n3m3
| 2 4 3
. nm2 nm2 . nm(=2) nr(—2)
SIHT COST S1 2 CoS 2
+12 nm W ——3 —2 nm 1 2,72
n?m n?m
2 7] 2 7]
1 sinnm cosnm sinnm
8 | ) e v B U=y
2 7) 8
sin(—nm) cos(—nm) sin(—nm)
— |4 nn - nznz n3m3
8
sinnm cosnm sm( nn) cos(—nm)
| TN T R e
2 7) 7]
1 0 (1" 0 0 (=" 0
N A R S e e
2 4 8
0 (—D" 0 (—n"
R _W]_[_Z nw |~ T
2 Z] 2 Z]
**sinnm = 0 and cosnmw = (—1)"
1 (-n" (-n" (-n" (-n"
Rl e e
4 4 4 4
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=5l )« oo (e )« [+ (o |-+ ()}

n—wif?’lio--- ------ -(3)
To find b,,:

wkt b, = %f_zzf(x) sinnzlxdx
=112 (x2 in 27X
= 2f_z(x +x) sin—dx

1( 2 . NIX 2 . NIX
=—{f x? sin—dx+ [~ x sm—dx}
2 U2 2 -2 2

By using Bernoulli’s Formula [ uvdx = uv; —u'v, + u"vg —u'"v, + -

Take u = x2

. NmX
V= SIHT

u==x
COSﬂ
u' = 2x 2 i u' =1
2
sin2X
u"’ =2 vV = ——%5 u’ =0
4
nmx
COST
U3 = 3,3
8
cosnnx sinnnx cosnnx :
S| Y i B (il ) Y (el
- 2 nm n2m2 n3m3
2 ) 8 2
2
cosme sinnnx
+ (x| — 2 1-1 2
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cos nn2(2) sin _nnZ(Z) cos _er(Z)
N |t "~ |72 "
2 4 8
cos nn(2—2) sin —mr(—Z) cos —nn(Z—Z)
- T 4 ‘W T T
8
S aae "”ZN =)
T nm — 1l ——53 1\ -
Ll nem n4m
2 7

8
[ (—”)(—”)(—”)]
8

2 )
cosnm sinnm cos(—nm) sin(—nm)
4 2 4

4

L) (=) (“ 2 ) )
RN
AR )

2
Y
_2<_T> }
2 |
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|

+




~H{le(-5)-16(GF)] - s (-5 16 (S)
SN S
=3l (-5 e ()] () o (S | [
(S

4(-1)"
nmw

Substituting (2), (3) and (4) in (1), we get

TR | S — - @)

b, = —

8 o
_z 216( 1)” nnx z _4(—1)” . nmx
f(x) 2 22 > + o sin—
n=1
4 16w (-1)" 4o (D" .
=+ e Sl cos™E 2y E i M (5)

Put x = 2 is a point of discontinuity of the function f(x), we have

nmnx

_ 4, 6y (D" nnx 4w (D" . nmx
f(x)—3+n22n=1 —COsS— ﬂ2n=1 —sin—

—- n
e _ iZi’f—l -l :L) sin _mrz(Z) = limy,_,

16 qoo (="
anﬂ ——Cos—

[{(Z—h)z+(2—h)}+{(2+h—4)2+(2+h—4)}
2

sinnmt = 4

DX

(="
Zn 1 n2 n

16 oo (DT 4 e (1) 4
PZn: 2 (_1)11 - ;anl =4 - 5

1 n
16 oo (-1 8
2= D" =2

1 1 1 T
_+_+_+...+oo:_
12 22 32 6
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9. Find the Fourier series of the period 2m for the function f(x) = xcosx in
0<x<2m.
Solution:
Given: f(x) = x cos x in (0, 2m)
w.k.t. the Fourier Series expansion is

flx) = % + Y1 a,cosnx + Y1 b, SINNX —mememmmeeeeeaeen 1)

To find ay:
wkt ag == [ f(x)dx
= %{foznx cos x dx}
- % [x(sinx) — 1(cos x)]3"

[(2m sin 2w — cos 2m) — (0 — cos 0)]

SRS

[(0-1) - (0-1)]

R

To find a,,:

wkt a, = %foznf(x) cos nx dx

= %{foznf(x) cosnx dx}

1 21
= ;{fo x cosxcosnxdx}

_ %{fomrx [cos(n+1)x-2+cos(n—1)x] dx}

= i{f;”x cos(n+ 1)x dx + fonx cos(n — 1x dx}

n+1 (n+1)2 n—-1 (n-1)2

1 [x sin(n+1)x cos(n+1)x] 2m [x sin(n—1)x cos(n—l)x] 2m
21 0 0
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[Zn'sin 2(n+1)mw . cos2(n+1)m  0sinO cos0 ]
1

_ n+1 (n+1)2 n+1 (n+1)2
T om [211' sin2(n-1)mw . cos2(n-1)r 0sin0 cos0 ]
n-1 (n-1)2 n-1 (n-1)2

=5 {[Cos(iinl;zl - (n+1)2] [Cos(rzl(—nl;; - (n—11)2]}

21
- i{[(njl)z N (n+11)2] + [(n—ll)2 B (n—ll)z]}

To find b,,:
wkt. b, = %foznf(x) sinnx dx
1 21 .
= ;{fo f(x) sinnx dx}
= %{foznx cos x sinnx dx}

-

1
21

J-Oan [sin(n+1)x;—sin(n—1)x] dx}

{f x sin(n + 1x dx + f x sin(n — 1)x dx}

1
T

x( cos(n+1)x) sm(n+1)x]2”+ [x(—cos(n—l)x) sin(n—l)x]zn
(n+1)2 n-1 (n-1)2

N

n+1 (n+1)2 n+1 (n+1)2
2m(— cos Z(n 1)) sin2(n-1)m _ 0(—cos0) _ sin 0 ]
(n-1)2 n-1 (n-1)2

1
21

{ Zn( cos2(n+1)m) . sin2(n+1)mw _ 0(—cos0) _ sin 0 ]

27T n-1

i{[ 271'c052(n+1)n'] [ chosz(n—l)n]}

={[-ml+ =50
by = = weeeeeeeeees - (4)

Putn = 11in (2), we get

Q)>a = %foznf(x) cos x dx
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= %{foznf(x) COS X dx}
= %{foznx cosxcosxdx}
= %{foznx cos? x dx}

= %{foznx (1 4+ cos 2x) dx}

; 2T
1 [x2 sin 2x cos 2x
2L 2 2 4 1y

- 2 {[or e o2 ] [0 0 (22) 4 22
e
R )

Putn = 11in (3), we get

3)=b, = %foznf(x) sin x dx
= %{foznf(x) sin x dx}

1 21 )
=—{f xcosxsmxdx}
(Y0

-

= %{fOan sin 2x dx}

2T x sin 2x
) dx}
0 2

2

1 cos 2x sin 2x
=—|x|—— + —_—
21 2 4 0

— i{[zn (_ cosz47r) n sin44n'] _ [27_[ (_ cozs 0) n Siz 0]}
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Substituting (2), (3), (4), (5) and (6) in (1), we have

fx) = g +mcosx + Y235, (0) cosnx — %sinx + X1 (— o ) sin nx

nz-1

n
n2-1

f(x)=ncosx—%sinx—22;°f’=1( )sinnx

TRY YOURSELF

1. Find the Fourier series expansion of f(x) = x(1 — x)(2 — x) in (0, 2). Deduce the sum
. 1 1 1 w3
of the series 1 —3—3+5—3—7—3+ o0 =

2. Find the Fourier series for f(x) of period 2I and defined as follow

(l-xif0<x<l
f@)‘&) ifl<x<2l

Hence deduce the sum of infinity of the series

soo 1 _m=m
n=0(n+1)2 ~ g~

3. Find the Fourier series of the period 2 for the function f(x) = x sinx in 0 < x < 2.

4. Find the Fourier series for f(x) = e® in (0, 2m).

1if 0<x<m

5. Find the Fourier series of f(x) = {2 ifm<x<2m

Even and Odd Functions

Even and Odd function cases arises only when the function is defined in (-, 1) and
(—m, ).
Definition:

Even: A function f(x) is said to be even if f(—x) = f(x)

Odd: A function f(x) is said to be odd if f(—x) = —f(x) (or) f(x) = —f(—x)
Note:

7

¢ The Fourier function f(x) is even if b, = 0

a nmx
fx) = 70 + z G COS——
n=1

¢ The Fourier function f(x) isoddifa, =a, =0

f() = X7y by sin=>
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10. Find the Fourier series of the period 2m for the function f(x) = |cos x| in
-n<x<T.
Solution:
Given: f(x) = |cos x| in (—m, )
Here f(—x) = |cos(—x)|
= | cosx |
= f(x) is an even function
w.k.t. the even function of the Fourier Series expansion is

fx) = % + Y1 Ay COSNX =mmmmmmmmmmmmmmeenes 1)

To find a,:

wkt ag == [ f(x)dx
= 2{[FrCo dx+ [ ()

s
= 1
==1J2cosxdx — [a cosxdx}
2

r s
= 2)[sinx]? — [sin x]¥
vid 0 =
\ 2

2 . T . . . T
= —{sm—— sin0 — sinm + sm—}
T 2 2

To find a,,:

wkt a, = %fonf(x) cos nx dx
= %{fgf(x) cosnxdx + [z f(x) cosnx dx}
2

T
2\ > T
==][2cosx cosnx dx — [z cosx cosnx dx
(70 >
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_2 z cos(n+1)x+cos(n—1)x (T cos(n+1)x+cos(n—1)x
_n{fozx[ 2 ]dx f;—rx[ 2 ]dx}

2 z z s
= ;{foz cos(n+ 1x dx + [2 cos(n — Dx dx — fg cos(n + Dx dx —

& cos(n—1)x dx}

T
2

_ 2 [sin(n+1)x]72_r n [sin(n—l)x] _ [sin(n+1)x]” _ [sin(n—l)x]n

T n+1 0 n-1 0 n+1 1T n-1 T
. (n+m . . (n-Dm . . . (n+Dm . . (n-1m
__ 2)sin——— singQ  SI—; sin0  sin(n+)m | SIn——; sm(n—l)n_l_smT
T n+1 n+1 n-1 n-1 n+1 n+1 n-1 n-1

2
n+1

2
T n-1

n+1

. (n+1l)m . (n-1)m . (n+)m . (n-1)m
smg sm( ) Sll’i( ) Sll’i( )
2 2 2
n-1

. . nm s nmc . @ nm
wsin(nt1) = sin—cos - + cos—sin— = + cos—

1 {[ 1 1 ] TlTL’}
=—1|— ——|cos—
2 Uln+1 n-1 2
4 nm
i e R e Q)

Substituting (2) and (3)in (1), we have

0 4 nmw
+ Zn=1< w=D) €95 )cos nx

N R

f&x) =

2 4

—_ 2 _ 2y 1 nn
f(x) =z n2n=2,4,6,,_,—(n2_1) coSs > cosnx

. nm
when n is odd cos 5 = 0

—2_ 4y _ 1 L
fG) = = X1 gamyy €0s 5 cosnx
f(x) = % - fz::’:lﬁ COSNT COS 2nX
_2 4y (-pn-1
f(x) = ~+ n2"=1 L €OS 2nx
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11. Find the Fourier series exapansion of f(x) = sinax in (- 1).
Solution:
Given: f(x) = sinax in (=1, 1)
Here f(—x) = sina(—x)
= —sinax
= —f(x) is an odd function

w.k.t. the odd function of the Fourier Series expansion is

F(x) = Ty bp SINT= emmememmemeneneene (1)

To find b,,:

wk.t by =2 [ f(x) sin ™= dx

2l . . NITX
=7f051naxsdex

=§{

nm

fl COS( i a)x—cos(nTn+a)x dx}

0 2

[sin(nm + al)]

= [sin(nt — al)] —

nm—al nm+al

1
nm+al

= ——[(-D"sinal] -

nm—al

[(=1D)™sinal]

2n(-1)™"n
n2m2—a2l2

Substituting (2) in (1), we have

b, = sinal -------=--mu-- -(2)

2n(-1)"n . . NTX

f(x) =2a=1 (—nZnZ—aZlZ sin al )sm -
. (-1)™n . NITX

f(x) = 2msinal Z;’,‘;lmsmT
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TRY YOURSELF

+—= if-1<x<0
1. Find the Fourier series expansion of f(x) = 2x .Hence deduce the
1-— if 0<x<1
. 1 1 2
sum of the series 1 taptgt o to="
2. Find the Fourier series expansion of period 2m for the function
( )_{x(n—x) in—-n<x<0
fx) = x(m+x)in 0<x<mw
3.  Find the Fourier series expansion of period 2w for the function f(x) = V1 — cosx in
-t <x<T.
4.  Find the Fourier series expansion of period 2m for the function f(x) = sinhax in
(-m, ).
5. Find the Fourier series expansion of f(x)in (—2,2) which is defined as follows:
(0 in (-2,-1)
_Jx+x% in(-1,0)
fe) = { x—x%in(0,1)°
Lo in (1,2
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UNIT 11
HALF RANGE FOURIER SERIES

In many Engineering problems it is required to expand a function f(x) in the range
(0, m)in a Fourier series of period 27 or in the range (0, 1) in Fourier series of period 21. If it
is required to expand f(x) in the interval (0, 1), then it is immaterial what the function may

be outside the range 0 < x < . We are free to choose it arbitrarily in the interval (=1, 0).

If we extend the function f(x) by reflecting it in the y axis so the f(—x)) = f(x), then
the extended function is even for which b, = 0. The Fourier expansion of f(x) will contain

only cosine terms.

If we extend the function f(x) by reflecting it in the origin so that f(—x) = —f(x),
then the extended function is odd for which ay, = a,, = 0. The Fourier expansion of f(x) will

contain only sine terms.

Hence a function f(x) defined over the interval 0 < x < [ is capable of two distinct
half range series. (i) Sine series

(i1) Cosine series

Half range of Cosine series in (0, 1) Half range of Cosine series in (0, )
flx) = % + Yo i ay cos@ flx) = % + Y. a,cosnx
Where Euler’s formula is Where Euler’s formula is
2 rl 2
ap =7 Jo f) dx ao =[5 FGO) dx
2 (1 2
an=7f0f(x)cos# dx an=;f0nf(x)cosnx dx
Half range of Sine series in (0, l) Half range of Sine series in (0, )
f() = Ty by sin == f(x) = Xy by sinnx
Where Euler’s formula is Where Euler’s formula is
2 (1 . 2 .
bn=7f0f(x)5m# dx bn:;fonf(x)smnx dx
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1. Find the half-range sine series of f(x) = x in (0, [).
Solution:
Given: f(x) = x in (0,1)

w.k.t. the Fourier half-range sine Series expansion is

Yo . NmX
f(X) = Xaz1 bp SIN—= wemmmeemmooeeeee 1)
To find b,,:
2 rl . NmX
wkt b, = Tfo f(x) sin——dx
2 rl . NuXx
==[ xsin—dx
l fo l
. nmx
Take u = x v =sin—
nmx
' COST
u =1 v = i3
l
sin2ZX
" o__ _ L
u' =0 V)= — =
12
2 cosﬂ sinm 1
— l L
—TX( n_n >_1<_ Tl2TL'2>
l 12 1y

- () 1 (L)

21"
nmw

b, = oo - (2)

Substituting (2) in (1), we have

o 21(-D™ .
fG) = S (=557 sin ™
_2vow D" | nmx
fx) = Xne1——sin—
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2. Find the half-range (i) cosine series and (ii) sine series for f(x) = x%in (0, ).
Solution:
Given: f(x) = x2in (0,7)
(i) w.k.t. the Fourier half-range cosine Series expansion is

FX) =2+ Tlg @y €OS MX -msmsmamenacacacacas 6))

To find a,:

wkit ap == [ f(x) dx

To find a,,:
wkt a, = %f:f(x) cosnlﬂdx

_ 2T o nmx
== J, x* cos==dx

Take u = x? v = cosnx
u = 2x v, = sinnx
n
ull — 2 Uz - _ CO:ZTIX
u" =0 vy = _siz;zx

_ %[xz (Sir;nx) — oy (_ co:znx) 42 (_ m;gnx)];[

=l (5) ~on (-559) 2 (5] = o (-57) -
20 (=557) +2 (=)}
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- 2f(-o)

a, = -2 A3)

n2

Substituting (2) & (3) in (1), we have

2m? . 4(-1)"
fx) = -+ Y1 (— e )cosnx

2 _1)n
f(x) = 2% +4X0 (%) COS MX =-mmmmmmmmmmmmceneee proof (i)

(1) w.k.t. the Fourier half-range sine Series expansion is

f(x) =Y p-1bp SINNX memmmmeeeeeeee 4
To find b,,:

wkt b, = %fonf(x) sin nx dx

2 T .
== [ " x?sinnx dx
Y0

Take u = x? v = sinnx
u/ — zx 171 — _COSnx

n
u' =2 v, = _siz:x

ulll — O g = CO;:X

~ibe (=) -2 (-5 2 ()]

- 2{[r (-2) a2 w2 (2] - [0 (-2 -
2 (-2 +2(2)

=2 [ (-2 42 (5] - ()]}

-2 () v 1)

n
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2
E"——%] if nisodd
b,=<""" " s )]
751 [— ”7] if nis even

Substituting (5) in (4), we have

. 2[n? 4 . o 2[ m? .
f() = Xnz13s,.. (; [; - ﬁ]) sinnx + Xz 4. (; [— :D sinnx
2 woo w2 4\ . . 1\ . .
f(x) =—Xai13s,. (; - F) sinnx —2mw Y 546 (;) sinnx --------- proof (ii)

3. Find (i) the Fourier half-range cosine series and (ii) the Fourier half-range sine

X ind<x<l1

series of f(x) = {2 Cx inlex<?2

Solution:

Given:f(x):{;f nd<x<1.

—-x in1<x<2m(0’2)

(i) w.k.t. the Fourier half-range cosine Series expansion is

F(x) =3+ Tl @y €OS ™ wmemrmmnannenenes (1)

To find a,:

wkt ag =2 [ f(x)dx
1 2
= [, xdx+ [[(2—x)dx
21 22
— |xZ _x
_[2]0+[2x 2]1

=lya-2_24-
2 2 2

To find a,,:
2 (2 nmx
wkt a, = Efo f (x) cos—=dx

1 nmx 2 nmx
= J, xcos—=dx + [[(2 — x) cos—~dx

nmx
Take u = x v =cos——
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. NITX

u' =1 V1 = 7w
2
Cosw
"o_ 2
u’' =0 v, ——

. NTX nmwx 1 . NITX nmnx 2
- [+ () - 1 (-5 )| + |0 (B + 1 (- )
2 0 2 1

4

=1 (ﬁ) -1 <— if’f,f?”) o (%) +1 <— ;2;2) +2-2) (T) +
T 4 T 4 7

n2m?2 2 2.2
0 if nis odd
N {mzzn,z [(=1)™ —1] if nisevenand =2m
0 if m= % is even
- —# ifngisodd
0 if nis amultiple of 4
= {— —— if niseven, but not multipleof 4 T 3

Substituting (2) & (3) in (1), we have
1 oo 16 nmwx
fx) = P Yn=246,.. (— m) cos —-

1 nmx

16 1
fQ) =35 —=Xnm246. (g) cos ——

f&x) =

N R

16 [cosmtx cos3nx cos5nx
— [ + + + . ]

2| 22 62 102

(i1) w.k.t. the Fourier half-range sine Series expansion is

e R L )
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To find b,,:
2 2 . NTX
w.k.t. by == [ f(x) sin—=dx

1 . NIX 2 . NmTX
= [y xsin—=dx + [[ (2 = x) sin—dx

. nmx
Take u = x v =sin—-
nmx
' COST
u = 1 171 - - T
2
sin2ZX
n __ 2
u’' =0 Uy = =22

@ (-) o1 (-2ma) - (- 5E) 1 (- 5)
2 2 4

4

= —sinZ + —sin=
T n2m? 2 n2m? 2
= ——sin—
8 _sinZZ if nisodd
b, = {nznz 2 T T ————————— (5)
0 if nis even

Substituting (5) in (4), we have

_ V'© 8 . MW\ . nNmx
f(x) =2Xn=135,. (—nznz sin-— )sm >

8 1 . nm . Nmx
fO) == X3, (; smT) sin—

3mx

5 3
o ™. ] ................... proof (ii)

_ 81 . nx 1 . 1 .
f(x) = —|ESing —psin—+gsin——
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4. Find the Fourier half-range of cosine series of the function f(x) = (x + 1)? in
. 1 1
(—1,0). Hence find the value of 1 + sz Tzt oo

Solution:
Given: f(x) = (x + 1)?in (—1,0)
we take the function f(x) = (—x + 1)?in (0, 1)
(1) w.k.t. the Fourier half-range cosine Series expansion is

fx) = aZ—" + Y1 Ay COS NITX ==mmmmmmmmmmmmmmmmees e))

To find a,:
2 rl
wkt ay = Ifo f(x)dx

=2 fol(l —x)?%dx

— 2 |==x~

_ 1
(1_:)3]0

To find a,,:

wkt a, = %folf(x) cos nmx dx

=2 fol(l — x) cosnmx dx

Take u = (1 — x)? vV = cosnmx
u = _2(1 _ x) v, = sir;r:tx
u'=-2(-1)=2 vy =

u" =0 V3 = — S:‘S’;’;x

=2 [(1 — x)? (%) +2(1—2x) (_ cosnnx) 19 (_ sinnnx)](l)

n2m? n3m3
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_2[(1 1)2 (smnn)_l_z(l_l)( cosnn)_l_z( smnn)]_

n3n3

[ -0 (57) + 2 - 00 (= 553) + 2 (=53]

Substituting (2) & (3) in (1), we have
2
f(x)=% Ye 1( )cosnnx

f(x)—-+ =y 1( )cosnnx

Put x = 0 is a point of continuity for f(x)
(1-x)?2= Zn 1( )cosnnx

Zn 1( )cosO— (1 —0)?

5. Find the half-range sine series of the function f(x) = m — x in (7, 21) by suitably
extending f(x) in (0, ). Deduce the sum of the series 1 — % + % - % + .- 00,

Solution:
Given: f(x) =7 — x in (0, 7)

w.k.t. the Fourier half-range sine Series expansion is

nmx

f(x) = Xntq by Sin—= —omeemmmeenooeeneee @™
To find b,,:

wkt b, = %fonf(x) sinnx dx
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b, =%f:(n—x) sin nx dx

Takeu =m —x v = sinnx
cosnx
u' ' =-1 v =—
n
"o_ _ _sinnx
u’' =0 12} —

2o (22 1 (22 [0y (-2 41 (-2

Substitute (2) in (1), we have

fO) = 5724 (3) sinnx

Put x = g is a point of continuity for f (x)

1 . 4
290 (Z) sinnx =m — -

. T .. 3T .. 51 . 7T

sm; sm7 smT smT

24— 442 4. too=
1 3 5 7

A

1 1 1 1 /4
4ttt oo=-=
1 3+5 7+ T 4

6. Find the half-range sine series of f(x) in

_(A=0)x in(0,c)
f) = { A—x)cin(c, 1)’

Solution:

(A—0o)x in(0,c) .
(A—x)cin(c,A) !

w.k.t. the Fourier half-range sine Series expansion is

Given: f(x) = { n (0,4)

nmx

JLEI T I L — M)

To find b,,:

2 A . nmx
wkt b, = /—1f0 f(x) sin—=dx

0, A) given that
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b =73 Jy £() sin ™ dx +7 [ £ (x) sin"F dx
_ %{foc(ﬁ —0)x sinnlixdx + f:(l —x)C sin%dx}

{[(/1 —0) f x sm—dx] [ f:(l —x) sinﬂdx]}

Take u = x v=sinn/1£ u=A-—x
, cos# ,
u' =1 Vi = ——7x u =-1
1
n Sin% n
u’' =0 Uy = — 272 u’ =0
12
2(A-c) cosn}Lﬂ sinnT 2c st sin/== A
— T nam -1 - 272 (/1 x) 1{ - 2.2
A — nemw nem
A 22 l 22 c
2(1-c¢) cosnlﬂ sinnaﬂ 2c siX sin% A
= 1 —X AT +1 22 (/1 X) -1 “nZnZ
A Y 22 c
200 () 1(1‘;:)+o(ci°)—1(zz‘;2)]+
4 22 4 22
I ()L /1) cosnn) 1 (S:;:;T> n (/1 _ C) (corsmT> 41 <51111;n72>l
22 A 2z
2(1—c) cos% sin% 2c cos% sin%
= A —C n_n- + 1 n271:2 + 7 (A - C) T + 1 leTEZ
i 22 4 A2

nrmc .. nmc nrmc .__nmc
_ 2c(A=c) [ cOs—/— 2(A—c) [ sin—/— 2c(A—c) [ COs—/— 2¢ [ sIn——
T o T3 w2 |t o R W

12
nnc .__nmc
2(/1 c) T 2¢ [ sIn——
1 n2 n? + 71\ n2w?
A2 A2

Substitute (2) in (1), we have
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222 . nmc\ . nmx
f) = T (G sin ) sin

242 1 . nmc . nnx
f(X) = ?ZleﬁsstmT

7. Find the half-range cosine series of f(x) = sin x in (0, 7).

Solution:
Given: f(x) = sinx in (0, )
w.k.t. the Fourier half-range cosine Series expansion is
FX) =2+ Tlg @y €OS MX -msmsmamenanacacacas 6))

To find a,:
wkt ag == [ f(x) dx
2 o,
==, sinxdx

[—cos x]§

SHES

[—cosm + cos 0]

LS

LS

[-(=D +1]

(g = = -wemseemeemeneenoeees )

To find a,,:

wkt a, = %fonf(x) cos nx dx

2 rm .
== [ "sinx cos nx dx
tv0

_ 2 fn [sin(n+1)x—sin(n—1)x
) 2

| dx

_1 [_ cos(n+1)x + cos(n—l)x]"

T n+1 n-1

0

_1 [_ cos(n+1)m + cos(n—-1)m n cos0  cos 0]

- T n+1 n—-1 n+1 n—-1
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SRV IR i S

T n+1 n—-1 n+1 n—-1
1/ 1 1 _
=G -m)a- o
— _; [1 _ (_1)n—1]
m(n2-1)
{ 0 if nisodd
a, =1 _ , e 3)
" =D if niseven

To find a;:
2 T
wkt a; = ;fo f(x) cos x dx

2 (7
== ["sinx cos x dx
w70

2 J-n sin 2x

70 2

dx

1 ,m .
= — [, sin2xdx

_ 1 [ cost]”
s 2 0

== [— cos 2m + cos 0]
2

Substitute (2), (3), (4) in (1) we have

N R

@) =Z+0+ T, (— g cosnx

n(n2-1)
2 4 1
fx) = e ;Z;’{LM@_,_ (E) cos nx

) cos 2nx

. 2 4aw ( 1
S noon Z"_l 4n2-1
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8. Find the half-range cosine series of f(x) = x sin x in (0, ). Deduce the sum of the
.1 1 1
serles§—§+§— e 00

Solution:
Given: f(x) = x sin x in (0, 27)
w.k.t. the Fourier Series expansion is
FO) = 24 T g @y COS NX wmmmememmmemnee (1)

To find ay:
wkt ag == [ f(x)dx
= %{fonx sin x dx}

= 2[x(—cosx) — 1(~sinx)]§

CHES

[(—mcosm + sinm) — (0 — sin 0)]

Il
|
£}

Ay =2 e 2)
To find a,,:

wkt a, = %fonf(x) cos nx dx

=2 " x sin x cos nx dx
T YO

_ %{fon X [sin(1+n)x-2+sin(1—n)x] dx}

= %{f:x sin(1 +n)x dx + f:x sin(1—n)x dx}

_1 [x(—cos(1+n)x) sin(1+n)x]” [x(—cos(l—n)x sin(l—n)x]”
T n 1+n (1+n)2 1, 1-n (1-n)2 1,

—mcos(1+n)r . sin(1+n)m 0 0
_ 1 [ 1+n (14n)? T 1 (n+1)2]
T —mcos(1-n)mr . sin(1-n)w 0 0
[ 1-n (1-n)2 -1 (n—l)z]
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_ 1 [—ncos(1+n)n —ncos(l—n)n]
- 1+n 1-n

1+n 1-n

T [cos T cosnm—sinmsinnm + cos T cosnm+sinm sin TlTl’]
T

__cosnm cosnm
1+n 1-n

1 1

= (=1)" [__ L

1+n 1-n

_2(=1"
T 1-n2

_2(-pnt
L

To find a;:

N — 3)

wkt a; = %fonf(x) cosnx dx

=2 " x sinx cos x dx
T YO

@) = — 5 oo 0

Substituting (2), (3), (4), in (1), we have

2_1 o (2(-p"1
f(x) =z ;COS X — anz (W) cosnx
_q1._1 _ o (-prt
f(x) =1-3co5x =230 ((n—l)(n+1)) cosnx

Putx = g is a point of continuity of f(x), we have

A 1 T . (=" nm
ESlnE =1 _ECOSE+ 2271:2 (m) COS7

T 1 1 1
-—=14+2 [——cosn——cosZn——cosSn— OO]
2 1.3 3.5 5.7

2~ 5D -5 -5 (D —ew| =51
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1 1 1 wT—2
13 35757 =7
TRY YOURSELF

1. Find the half-range sine series of f(x) = sinax in(0, 1).

sinhax .

2. Find the half-range sine series of f(x) = n (0, m).

1
sinh arm

PARSEVALS IDENTITY THEOREM
¢+ Fourier series in (0, 21)
L@Pdx =% 1152 (a2 +b2)
Fourier half-range cosine series in (0, [)
f fOO]?dx = °+Zn 1 an
Fourier half-range cosine series in (0, )
f feOT2dx =% ~+ Xasian
Fourier half-range sine series in (0, 1)
f f)]?dx = ¥5_ b
% Fourier half-range sine series in (0, 1)
2 [T 0Pdx = $52, b3

1. Find the half-range cosine series of f(x) = x in (0, 1). Deduce the sum of the series

X/
°

R/
A X4

R/
A X4

Solution:
Given: f(x) = xin (0,1)
w.k.t. the Fourier half-range cosine Series expansion is

fx) = aZ—O + Y1y COS NITX ==mmmmmmmmmmmmmmmmmae 1)

To find a,:
2 (1
wkt ay = Ifo f(x)dx

= Zfolxdx
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To find a,,:

wkt a, = %folf(x) cos nmx dx

1
= 2 [, x cosnmx dx

Take u = x UV = COSNIX
sinnmx
u' =1 v, =
nm
"o _ _ cosnmx
u’' =0 V= o

=2 (5% -1 (-]
=21 () - 1 (- S2m) - 0 () + 1 (—529)]

o

| n2m2 n2m?

=2 [(-1)" - 1]

n2m?

4 L.
a, = {—m ifnisodd o 3)
0 if nis even

Substituting (2) & (3) in (1), we have

1 4
fG) =5+ X135, (— nznz) oS nmx

1 4 1
fO) =31-2%2 45 (5) cosnmx

Now, we apply the Parsevals identity theorem

2GR = D 4 35, o

Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education, Tirunelveli



16 g0 1r_2_1

4 n=1,3,5, ‘n4 - 3 2

16 w0 i 1

4 n=1,3,5, “n4 — 6

1 1 1 1 t
14 34 54 74 96

2. Find the half-range cosine series of f(x) = (r — x)? in (0, 7). Hence find the sum
of the series 1—14 + 214 + 3% + - 00,
Solution:
Given: f(x) = (r — x)? in (0, 1)
w.k.t. the Fourier half-range cosine Series expansion is
FX) = 24 Ti_g @y €OS MK -ememmsmnmcnaces )

To find a,:
wkt ag == [ f(x) dx

_2(m 2
—;fo(n—x) dx

_2 <n—x>3]”
- T -3 0

-5

21

P L — (2)

To find a,,:
2 T
wkt a, = ;fo f(x) cosnx dx
_2(m 2
= ;fo (r — x)? cosnx dx

Take u = (m — x)? vV = cosnx
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sinnx

u' = -2(mr—x) 1=
n
"o_ _ _ Cosnx
u' =2 v, = —
mno_ _ _sinnx
u’'=0 vz = —

= 2[(r - 02 (22 + 20n — ) (- 222) + 2 (- 21)]

0

27 (22 420 ) (-2 2 (- 2)

07 (222) 200 (-2 + 2(-289)

Substituting (2) & (3) in (1), we have

2m?

2’ W (4
flx) = % + Yo (F) cos nx
2m? . 1
flx) = % +4¥> (F) cos nx
Now, we apply the Parsevals identity theorem

2
2 OPdx =2+ 32 a2

am?

2 (m - o [ 4)\2
2Jy = xytdx =+ 524 ()
2 [(m-x)51"  2m* w 1
[T, = e

T -5

5] =25+ 162

1 2t 2mt
16>  —=———
Zn—l n4 5 9
1 8
16V, — = —
Zn—l n4 45
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1 1 1 1
14 24 34 44 90

TRY YOURSELF

1. Find the half-range of sine series of f(x) = 2/_in (0, 7). Hence find the
sum of the series % + 3% + 5% + .- 00,
2. Find the half-range of cosine series of f(x) = x( — x) in (0, 7). Hence find the sum of

theseriesl—t+zl4+3l4+4—t+ “e+ 00,
HARMONIC ANALYSIS
The process of finding the Fourier series for a function given by numerical values is
known as harmonic analysis. In harmonic analysis the Fourier coefficient a, a,, and b,, of the
function y = f(x) in (0, 21) are given by
a, = 2 [mean value of y in (0, 27)]
a, = 2 [mean value of y cos nx in (0, 27)]
b, = 2 [mean value of y sinnx in (0, 27)]
NOTE:
% The term (a, cosx + b, sinx) is called the fundamental or first harmonic, the term
(a, cos 2x + b, sin 2x) is called the second harmonic and so on.
% The number of ordinates used should not be less than twice the number of highest
harmonic to be found.
1. Obtain the first three harmonic in the Fourier series expansion in (0,12) for the
function y = f(x) defined by the table given below:
x/0 |1 |2 |3 4 |5 |6 7 8 9 10 |11

y(18|11(03|0.16 |05 15216 1.88 125|130 |1.76 | 2.00

Solution:

w.k.t. the first three harmonic in the Fourier series is
y = ‘12—°+ a, cos x + a, cos 2x + a3 cos 3x + by sinx + b, sin 2x + b3 sin 3x ------- 1)

Where the Fourier coefficient a,, a, a,, as, b1, b, and b are to be determined from

the following table.
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a, =2 [11—526 = 0.26 b, =2 [%] = 0.35
a; =2[2| =033 by = 2[%2| = 0.05

y = Z'Zﬁ + (0.49 cos x + 0.03 sinx) + (0.26 cos 2x + 0.35sin 2x) +

(0.33 cos 3x + 0.05 sin 3x)
=1.19+ (0.49cosx + 0.03sinx) + (0.26 cos 2x + 0.35sin2x) +
(0.33 cos 3x + 0.05sin 3x)
TRY YOURSELF
1. The following are 12 values of y corresponding to equidistant values of the angle x° in
the range 0° to 360°. Find the first three harmonics in the Fourier series expansion of y
in (0, 2m).
x° [0 30 |60 [90 | 120 | 150 | 180 |210|240 |270 |300 |330
y | 10.5]20.2 264293270 |21.5|128|1.6 |-11.2|-18.0 | -15.8|-3.5

2. A function y = f(x) is given by the following table of values. Make a harmonic analysis
of the function in (0, T) upto the second harmonic.

x|0|T/6 | T/3 | T/2 |2T/3 |5T/6 | T

y|0]192 144178 (173 |11.7 |0

COMPLEX FORM OF FOURIER SERIES

inmx inmx

* In(=1,0) f(x) = B cne | wherec, == [ f(x)e” 1 dx

4

L)

L)

inmx

# (0,2 f() = T5wcne | where ¢, = = 2 f(x)e™ T dx

>

X/
o

In (—m,m) f(x) = ¥ _o C,, €™ where ¢, = %ffnf(x)e‘i”xdx
% In (0,2m) f(x) = X% _o ¢, € where ¢, = %foznf(x)e‘i”xdx

1. Find the complex form of the Fourier series of f(x) = e* in (0, 2).
Solution:

Given f(x) = e* in (0, 2)
w.k.t. the complex form of Fourier series is

JLC D Y - L — 6))
Where ¢, = % foz f(x) e" "™ dx

_ 102 x —innx
=_J,e¥e dx
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— lfz e(l—inn)x dx
270

1 e(l—inn’)x 2
2[ 1-inm ]0

ez(1—inn) e0

2(1-inm) 2(1-inm)

ez(l—inn:) -1
2(1-inm)

e2(-inm_1  q14ing
2(1-inm) 1+inm

1+inm 2 —i2nm
=———7—|e“.e -1
2(1+n?n?) [ ]

= % [e2. (cos2nm — isin2nm) — 1] [ cosnm = (—1)"
_ 1+inm [ 2 _ 1]

R R 2) sinnm = 0]

Substituting (2) in (1), we have

1+inm i
FG) = B (G [? — 11) ™
_ e?-1 0 1+inm inmx
T2 Ln=—co (1+n21t2) €

2. Find the complex form of the Fourier series of f(x) = e in (-, 1).
Solution:
Given f(x) = e % in (=L 1)

w.k.t. the complex form of Fourier series is

fOX) = X0 Cp @ T mmmmmemmmmmoneeee oy
Where ¢, = [* f(x)e™ T dx
=Ll g o gy

_Z_l—l

_ 1. e—(a+mT")x dx

=~/
[ (armm)]’

1 ]e l

- 21 a+in_71.'

L

[ —l(a+mT"> l(a+an)
e e

A @
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al+inm al+inm
() ()
_ 1|e e

Yl (al+lin71:) - (al+linn:)

1 e—(al+in1r) eal+inn’
5[ al+inm - al+imt]
1 —-al ,—-inm al ,inm
= .e —er.e
2(al+inm) [ ]

— 1 [e—al. (_1)n _ eal_ (_1)n] [ eiinn — (_1)11]

2(al+inm)

(_1)n eal_e—al
o (al+inm) 2 ]

O™ s
= m [Sll’lh al]

_ (=1)"sinhal [al—inn]

(al+inm) Llal—inm

_ (=1)™(al-inm) sinh al
- @212 +n2m2 i (2)

Substituting (2) in (1), we have

FO) = i

(-1D)™(al—inm) sinh al i"ZTx
a?i2+n?m? €

(—1)"(al—inn’)) @
a?12+n2n?

=sinhal);__, (
3. Find the complex form of the Fourier series of f(x) = sin x in (0, 7).

Solution:
Given f(x) = sinx in (0, )

w.k.t. the complex form of Fourier series is

JLC D) Y L R — 6))
Where c,, = i foz f(x) e "™ dx
= %foz sinx e~ dx
1 [e~i2nx Ll
== [1_4n2 (—i2nsinx — cos x)]0

—i2nm 0
=1 [e (—i2nsinm — cos w) — —— (—i2nsin 0 — cos O)]

w L1-4n? 1-4n?
s ORI G
— m [e—iZnn' + 1]
- n(4nZZ—1) - - (2)

Substituting (2) in (1), we have

fO) = T8 (: _ﬁ) Jiznx
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- %Zf‘o:“” (4n;—1) el®n
TRY YOURSELF
1. Find the complex form of the Fourier series of f(x) = cosax in (—m,m) where a is
neither zero nor an integer.
2. Find the complex form of the Fourier series of f(x) = cosx in (0, 7).
3. Find the complex form of the Fourier series of f(x) = e™ in (—m, ).

4. Find the complex form of the Fourier series of f(x) = e%* in (0, 21).
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UNIT III

FOURIER TRANSFORMS

FOURIER INTEGRAL THEOREM

If f(x) is a given function defined in (—[, 1) and satisfies the following conditions,

then (x) = % ) 000 f_oooo f(t) coss(t — x) dt ds . This is also known as Fourier integral formula.

CONDITION OF f(x):

% f(x) is well defined and single valued except at finite number of points in (=, ).

% f(x) is periodic in (=, ).

% f(x) and f'(x) are piecewise continuous in (—[, ).

w» ffoool f(x)|dx converges.
COMPLEX FORM OF FOURIER INTEGRAL
_ 1 o —isx (® ist
fO)=— Jo e [ f(ettdtds
FOURIER SINE INTEGRAL FORMULA
f(x) = %fom sin sx {fooof(t) sinst dt} ds
FOURIER COSINE INTEGRAL FORMULA

flx) = %fom COS SX {fooof(t) cosst dt}ds

0 ,x<0
1. Find the Fourier integral of f(x) = % , X =0. Verify the representation
e* x>0

directly at the point x = 0.

Solution:
0 ,x <0
Given: f(x) = % ,x=0
e x>0

w.k.t. the Fourier integral formula
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f(x) = lfoo ffooof(t) coss(t—x)dtds -------m-mmmemum- 1)
f {f f()coss(t—x)dt + f f(t) cos s(t — x) dt}

,t<0
,t=20
* ,t>0

f{f 0.coss(t — x) dt +f e” coss(t—x)dt}ds

0
Here f(t) = %
o

1 poor o0 _
:;fo {J, et cos(st — sx) dt}ds

ax

{ [ e cos bx dx = ﬁ [a cos bx + b sin bx]}

ds

0

[(—1)cos (st — sx) + (s) sin (st — sx)]

= 0 l( 1)2+52

_ J-oo cos sx+s sin sx
s2+1

Put x = 0 in (2), we have

(0) — _J-OO cos 0+ssin 0 dS

s2+1
1
- EIO sZ2+1 ds

sl

I
—
ot
QO
=

[tan™! oo — tan™1 0]

E]

m_ S =1|H RIS

f(0) =

0 A2+2
m- 0 2A%+4

2. Using Fourier integral formula, prove that e *cos x = - cos Ax dA.
Solution:

Given: f(x) = e ¥cosx = f(t) = e ‘cost
w.k.t. the Fourier cosine integral formula

f&x) = %fooo cos Ax {fooo f(t) cos At dt} dA -----mmmmeeeeenna- 1)
= zfooo cos Ax {fooo et costcos At dt}da

_ _f cos Ax {fo —t (cos(1+/1)t-;cos(1—l)t) dt} da

= Efo cos Ax {fo e~ tcos(1+A)tdt+ fooo e~tcos(1—2A)t dt}da
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1
1+(1+/12) 1+(1-22)

= %fooo cos Ax } da

A2+22+2 12—2/1+2

A2 224242242242
(A242242)(A2-21+2)

e
= %fooo cos Ax { . } dA
= %fooo cos Ax { } dA

222+4
444

=—f cosAx{ }d/’l

00 24%+4

f&x) =- fo ~iy CosAx di

3. Using Fourier integral formula, prove that

e~ _ o= bx Z(bz—az)f Asin Ax

0 (A2+a2)(2%2+b2) da

Solution:
Given: f(x) = e ™ —e™P* = f(t) = e % — 7Pt
w.k.t. Fourier sine integral formula
FOo =27 sinAx {[;° f(©) sin At dt} dA —emreeeee M
= %fom sin Ax {fooo(e_“t — e P sin At dt} dA
= %fooo sin Ax {fooo e “sinAt dt + fooo e btsin At dt}dA

ax

{ [ e sin bx dx = ﬁ [a sin bx — b cos bx]}

- _f sin Ax {)Lz+a2 N /12+b2} dA

2 oo, A2+b2-22—-qa?
- Efo Asin Ax {(12+a2)(12+b2)} dA

2 oo, b?-a?
= 25" Rsindx G amm) 44

Z(bz—az) Asin Ax

fo (22+a2)(22+p2) da

FOURIER TRANSFORM

The infinite Fourier transform of the function f(x) is defined by
Flf(x)] = f f(x)e "¥dx
= F(s)
The function f(x) = — f_oo [f(x)]e®*ds = F(s) is called the inversion formula for the
Fourier transform and it is denoted by F~1[F[f(x)]] .

FOURIER SINE TRANSFORM

The infinite Fourier transform of the function f(x) is defined by
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R @] = [2f; fG) sinsxdx = F.(5)

The inverse Fourier sine transform denoted by F; 1 [F,(f (x)] is defined by

fx) = ﬁfow Fs[f(0)]sinsxdx = FJ1[Fs(f(x))]

FOURIER COSINE TRANSFORM

The infinite Fourier transform of the function f(x) is defined by

Ff(x)] = ﬁfowf(x) cos sxdx = F(s)

The inverse Fourier sine transform denoted by F; 1 [F,(f (x)] is defined by

fx) = \Ef;” Flf(0)] cos sx dx = F7'[Fe(f ()]

1 for |x|<a

0 for |x|>a and hence

4. Find the Fourier transform of f(x), defined as f(x) = {

00 sinx

find the value of [, ——dx.

0
Solution:

1 for |x|<a
0 for |x|>a

Given: f(x) = {
w.k.t the Fourier transform is

F[f(x)] = f_oooof(.X)e_isxdx ................... 1)
= f__::f(x)e_isxdx + f_aaf(x)e‘isxdx + faoof(X)e_isxdx
= f__;l 0. e"isxdx + f_aa 1. e_isxdx + faoo 0. e—isxdx

a
= [ e "¥dx

[e—iSX]a
—is 1_4

— é[e—isa _ eisa]

1 .. ..
=-= [cos sa — isin sa — cos sa — isin sa]

1 ..
=—= [—2isin sa]

2sinsa

Flf(x)] =

Taking inverse Fourier transform is

fG) = =I5 FIf(0)]e'ds

= F(s)

S
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_ _f_ (Zsmsa) isde

1 2si .
=— fjooo( Sl:m) (cos sx + isin sx)ds

= i{fjooo (Zsmsa) (cossx)ds + [ (mi) (isin sx)ds}

{ f_oo (Zsmsa) (isin sx)ds = 0}

Because it is odd function

= %f_oo (sms ) (cos sx)ds

sinsa

f(x) = %fo ( ) (cos sx)ds

Put x = 0 and a = 1, we have

f)=2f" (5””“) (cos 0)ds
_f (sms) -1
Iy (iﬁ) ds =3

Changing the dummy variable s into x, we have
© (sinx b4
f 0 ( x ) dx = 2

5. Find the inverse Fourier transform of f(s) given by f(s) = {

a—|s| for |s|<a
0 for |s|>a

Sll'l X 11'

Hence show that f dx = 2.

Solution:

) - a—|s| for |s|<a
Given: f(s) = {O ]{or Is|>a

w.K.t. the inverse Fourier transform is
2RI @] =5 [ FIf()]e™*ds
Z{° FLFGoleis*ds + [ FIf(0lei™*ds + [ FIf (x)]e'**ds}
= —{f_oo 0.e*ds + [* [a — |s|le’¥ds + [ 0.e"*ds}
—{J° [a — Isl]e'*ds)

{f [a — s][cos sx + isin sx]ds}
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= %{foa[a — s][cos sx]ds}

1[ sin sx cossx 1%
e CRDE

T X 0
_1 cossa 1
Tl x2 x2
_ 1 '1—cossa]
Trl «x2

1 . ax
=— [2 sin? —]
TX 2

2.2
a“x .. 20X
2sin“—
= _4 —_ 2
T2 a’x?

4

2

sin®
2
X
2

@ =5[]
Taking Fourier transform F[f(x)] = f_oooo f(x)e "*dx

w a? sin% : —isx
a-s=[_ — %]e dx

sin®
2
X
2

2
2a? (o ..
a—s—gfo [ o= ] [cos sx — i sinsx]dx

2
a—s= %fooo | ) ] [cos sx]dx

Puta = 2, s = 0, we have

o=t
e o=

6. Find the Fourier transform of e~ %, Hence

x2
(i) Prove that e 2 is self reciprocal with respect to Fourier transform.

2
X
(ii) Find the Fourier cosine transform of e 2.

Solution:
Given: f(x) = gma’x?
w.k.t the Fourier transform is
FIf(O] = 2 f(x)e5%dx —womemrmememcmemcneee (1)

00 42,2 _;
:f e~ A X" pTISX ]y
—00

00 _ 2,21
:f_ooe (a*x +Lsx)dx
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252 262
o —(a2x2+isx——L St — 52)
:f e 4a 4a dx

252 2.2
e —(a2x2+isx—%) %
[ e 4a?) @aa? dx
is )\ _(i)
® e_(a“ﬁ) .e \ta?/dx

Il
b
8

is\2

= e_(m) fjoooe_(ax-'_ﬁ) .dx

Taketzax+% x | —oo 0

dt = adx

L B— @)

(1) we assumed the definition of the Fourier transform as

FIFl = 5= [, () e dx

2
(1) = Fle~**] = ﬁie_:?

Put = we have

1
\/E,

xz S2 S2 xZ
Fle‘Tl =e 2 and F Ie‘Tl =e 2

(i1) From (2), we have

[ e=@***(cos sx — isin sx) dx = ﬁe‘sz/élaz
—w .

Equating the real part on both sides, we have

[ e~ **(cos sx) dx = ?e‘sz/éla2
2.2 Vo2
F e ] =7"e s” /4a?

TRY YOURSELF

1—x2% forlx| <1

. H
0 for |x| >1 ence

1. Find the Fourier transform of f(x) given by f(x) = {

(o) [sin X—XCOSX
x3

evaluate | ] cos g dx.

0
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—ax

2. Find the Fourier cosine transform of e and use it to find the Fourier transform of

e~4xl cos bx.

1 for 0<x<a

3. Find the Fourier cosine transform of f(x) is defined as f(x) = { 0 for c>a

. . . . sinas .
Hence find the inverse Fourier cosine transform of (T) Verify your answer by

directly finding F;* [*2%]
sinx for0<x<a

4. Find the Fourier sine transform of f(x) defined as f(x) = { 0 for x>a

5. Find the Fourier sine transform of e"*,a > 0. Hence find F,[xe~%*] and F, [e_x ]

sin sx

Deduce the value of f dx.

PROPERTIES OF FOURIER TRANSFORM
1. Linear Property:

Flaf(x) + Bg(x)] = aF(s) + BG(s) where a and B are constant.
Proof:

w.k.t. the Fourier transform is given by
FIf()] = ["_f(x)e s*dx

L.HS. Flaf(x) + Bg(x)] = [ [af (x) + fg(x)]e " dx
= [ laf (Ole™ dx + [T [g(x)]e™* dx
=a f_oof(x)e‘“xdx +p ffooog(x)e‘isxdx
=a F(x) + BG(x) R.H.S.

2. Change of Scale property:

F[f(ax)] = %F(i),a >0
Proof:

w.k.t. the Fourier transform is given by
FIf()] = [~ f(x)e s*dx
L.H.S. F[f(ax)] = f f(ax)e "*dx

t
Take ax =t :xzz X —0o0 %)

adx = dt :>dx=% t — o

= [7 e £
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=11 fe @ g
=>F(3),a>0 RHS.
3. Shifting Property
@) F[f(x — @)] = e F(s)
(i) F[e'"™*f(x)] = F(s — a)
Proof:

w.k.t. the Fourier transform is given by
[f)] = [ f(x)e s*dx
(i) L.H.S. F[f(x —a)] = f_oof(x _ a)e—Lsxdx

Takex —a=t = x=t+a x —0o0 o)

dx = dt ‘ o -
— f_"ooof(t)e—is(Ha)dt

= [0 f(De it eTisaqt
— p-isa f_"ooof(t)e—istdt

= e %F(s) R.H.S.
(i) L.H.S. F[e!*f(x)| = [ e!®f(x) e""*dx
— fjomf(x) o—i(s—a)x gy
= F(s — a) R.H.S.
4. Modulation Property:
F[f(x)cos ax] = %[F(s +a)+ F(s—a)]

Proof:

w.k.t. the Fourier transform is given by
FIf(x)] = [~ f(x)e s*dx
L.H.S. F[f(x)cos ax] = f_oo(f(x)cos ax)e "*dx
700 (£ et
_ Ef_oof(x)(eiax + e~iax)-isx y
— %[f_oooof(x)eiaxe—isxdx + f_oooof(x)e—iaxe—isxdx]
=15, F@e D% dx + [T fx)e ¥ dx]

= %[F(s+ a) + F(s —a)] R.H.S
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Results:
() F[f (x)cos ax] = %[Fc(s +a)+ F.(s —a)]

(i) E[f (0)sin ax] = 5 [F(a +5) + E(a = )]
(iii) Fs[f (x)cos ax] = ;[ (s + @) + F(s — )]
() E[f@)sin ax] = 5 [F(s = a) = (s + a)]

5. Conjugate Symmetry Property:
F[f*(—x)] = [F(s)]*, where * denotes the complex conjugate.

Proof:
w.k.t. the Fourier transform is given by

FIf®)] = 7 f(x)e "*dx = F(s)
RHS. [F($)]" = [* f*(x)e'*dx
= [7 f*(—t)e~'dt on put x = —t
= F[f*(—x)] L.H.S.
6. Derivatives of the Transform:
Flxf(x)] = - F(s)

Proof:
w.k.t. the Fourier transform is given by

F(s) = [ f(e*dx
Differentiate w.r.t. to s, we have
SF(s) = [T fO)e ¥ dx
= [ f(0) 5 (e75%)dx
= [ F() (e7* (=ix))dx
= —i [* xf(x) e""*dx
= —i.F[xf(x)]
In general, Fx"f(x)] = (—i)" < F(s)

Definition:
The convolution of f(x) and g(x) is defined as fjooo f(x —t)g(t)dt. It is denoted by

f(x) * g(x).
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CONVOLUTION THEOREM FOR FOURIER TRANSFORMS
Statement: If F(s) and G(s) are the Fourier transform of f(x) and g(x) respectively then

the Fourier transform of the convolution of f(x) and g(x) is the product of their Fourier

transform.

(i.e.,) F[(f * g)x] = F(s).G(s)
Proof:

w.k.t. the Fourier transform is given by
[FO1 = [ f(x)e 's*dx
FI(f * g)x] = [ ((f * g)x)e *dx
= [T U7 f©g(x — t)dt]e ' dx
= [T fO[, glx — e *dx] dt
on changing the order of integration

= [" f()Glgx — )] dt

= [7 f(©)eSG(s) dt
=G(s) [0, f(Det dt
= G(s).F(s)
F[(f * g)x] = F(s).G(s)
PARSEVAL’S IDENTITY

Let F(s) be the Fourier transform of f(x). Then f If(x)|?dx = — f |F(s)|%ds.

1—|x| forl|x| <1

7. Find the Fourier transform of f(x), if f(x) = {O for |x| > 1

. Hence prove

oosm x

that [ dx =

Solution:

— |x| for |x] <1
for|x| >1

Given: f(x) = {
w.k.t. the Fourier transform is given by
FIf(0)] = [, f(x)e""s*dx = F(s)
- f——oof(x)e_isxdx + f_lf(x)e_isxdx + floof(X)e_isxdx
= f__; 0.e~"¥dx + f_ll(l — |xDe " "*dx + f1°° 0.e % dx

= [1.(1 - |xDe~"dx
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= f_ll(l — |x])(cos sx — isin sx)dx

{ f_ll(l — |x(isin sx)ds = 0}

Because it is odd function

= f_ll(l — x)(cos sx)dx
=2 fol(l — x)(cos sx)dx
_ 2[(1_ smsx_cossx]

52
coss 1
— 2 [_ £
s

1

0

= 532 [1 — coss]
_ 2 28
== [2 sin 2]
F(s) = 12 [sin2 5]
By Parseval’s Identity, f_ If(x)|*dx = — f |F(s)|*ds
© 2
f 11— |x||2dx = = [° iz[sinzg]l ds

2T

f [ sin? ]ds— [1— x]?dx

2 o =2l

Sy . N
) —4[sm4—] ds ==
mTY—®s 2 3

Take§=t =s=2t S| = *®
= ds = 2dt t | —o | @
8 oo
~ —oo(2t)4 [sin*t] (2dt) ==
8 poo [sin*t 2
;f—oo[16t4] (2dt) = 3

%fo [Sm t] dt =3

8. Using the Parseval’s Identity for Fourier cosine transform of e~“* . Show that

foo dx
0 (x2+a2)2.

Solution:
Given: f(x) = e™*
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w .k.t. Fourier cosine transform is

[f(x)] = \/%fomf(x) cossxdx = F.(s)

2 poo _
=\/;f0 e~ % cos sx dx
2 a
- \/; [s2+az]
By Parseval’s Identity, f_ooool f(x)|?dx = ffooolF (8)|%ds
2
o _ 2 _ (o] 2 a
f—oo[e ax] dx = f—oo [\/; [sz+a2]] ds
2\ (o -
Z(E) ly ((52+a2)2) ds =2 [ e"*¥dx
—2ax
770 (s2+a?2)2 - -2a
2y () 45 =[S,
2a? oo 1 1
“m Jo ((52+a2)2) .

o () &5 =5

By changing the dummy variable s into x, we have

0 1 T
fo ((x2+a2)2) dx = 4a3
TRY YOURSELF

2
1. Using the Parseval’s Identity for Fourier sine transform of e ~** . Show that f xdx

0 (x2+a2)?’
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UNIT -1V
LAPLACE TRANSFORM

DEFINITION:

Let f(t) be a function defined in the interval 0 < t < oo. Then the Laplace

transform of f(t) is given by [ Ooo e Stf(t)dt. It is denoted by L[f(t)] which is a function of
s say f(s).

2 f(s) = LIF @] = [ e f(t)de

PROPERTIES:
L LIf[®) +g@®] = LIf[®] +L[g®)]

Proof: L[f(t) +g(®)] = [ e™'(f(©) + g(v)dt
= [JeStf()dt + [ et g(Ddt
= LIf(®O] + Llg@®].

2. L[cf(®)] = cLIf(D)]

Proof: L[cf ()] = ["e~Stcf(t)dt

=c [e~Stf(Ddt
= cL[f(®)].

3.LF(®)] = sLIF®)] - f(0)
Proof: L[f'(0)] = [~ e stf'Odt
= [, et d(f(©)
= [e™tfDIF - Jf,” —se™'f(t)dt
= [e7"f(®) = e°f(0)] +s [ et f(t)dt

=—f(0) + sL[f(V)]
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4. LIf" (0] = s*LIf(O)] - sf(0) — f'(0)
Proof: Let g(t) = f'(t)
LIf"(®] = Llg'@®)]
= sL[g(t)] - g(0) (by Property. 3)

= sLIf'(®O]- £'(0)

s(sLIf(©)] - f(0)) - f'(0) (by Property. 3)

= s’L[f(©)] - sf(0) — £'(0).

Initial Value Theorem

If L[f(t)] = F[s] then lim,_ f(t) =lims_ o SF[s].
Proof:

wkt L[f'(O)] = s LIf (O] = f(0) = s F[s] - f(0)

Taking limit as s — oo on both sides, we get
lim L[f'(6)] = lim .5 Fls] - £(0)]
limg_,e, [, ™St f'(D)dt = lim sF[s] - £(0)
0 =limg, o SF[s]
Thus, lim,_, f(t) =limg_ sF|[s].
FINAL VALUE THEOREM
If L[f(t)] = F[s] thenlim;_ f(t) =lim,_q sF[s].
Proof. WK.T. L[f'(t)] =s L[f(t)] — f(0) = s F[s]- f(0)
Taking limit as s — 0 on both sides, we get

limg_o L[f" ()] = limg_o[s F[s] - f(0)]
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limy_o f, et f'(£)dt = limg_o sF[s] - £(0)
[, f'®dt =limg_, sF[s] - £(0)

[f (O] = lim s sF[s] - £(0)

f(e0)- f(0) = limg,osF[s] - £(0)

f() = lim,_q sF[s]

Thus, lim;_,, f(t) =limg_ sF|[s].

RESULTS:
—at] _ _1
1. Lle™™] = pw
Proof:

w.k.t. the Laplace transform is
LIf(D] = f, ef(Dat
L[e—at] — J‘O°° e~Ste—at ¢

—_ (® ,—(s+a)t
=J, e dt

_ [e—(s+a)t]°°
- —(s+a) 0

e—OO

e0

- —(s+a) (s+a)

_ 1
" s+a
. . at — =t
Similarly, L[e*] = —
S
2. L[COS at] = m

Proof:
w.k.t. the Laplace transform is
LIf(D] = [, e 'f(t)dt

eiat+e—iat
L [
2

elJC+e—lX}

_l iat —iat { —
] —ZL[e +e ] L COSX = o

= {1fe] + Lle]

:l[ oy ] {+* by Result 1}

2 ls—ia s+ia
_1 [ s+ia+s—ia ]
2 L(s—ia)(s+ia)
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_1 2s
~2 [(s—ia)(s+ia)]
s
" s2+a?
a

s2+a2’

3. L[sinat] =
Proof:

w.k.t. the Laplace transform is

LIf(®)] = [, e 'f(tdt

L [eiat_;—iat] _ %L[eiat _ e—iat] { sinx = eix;f—ix}
= S{[ete] - e}
1 1 1 ]

=— — {*> by Result 1}

2i Ls—ia s+ial
1 [ s+ia—-s+ia |
2i L(s—ia)(s+ia)l
10 2ia

2i L(s—ia)(s+ia)l

a
s2+a?

4. L[coshat] = s2+

a?’
Proof:

w.k.t. the Laplace transform is

Lf(®)] = [, e 'f(Ddt

at —at 1 _ x -X
[e +2e ] = Lle% +e%] { coshx =< +2€ }
=2 {L[e™] + L™}
=y L {* by Result 1}

1

2 |s—a = s+al
1[ s+a+s—a |
2 ls-a)(s+a).
2s

| (s—a)(s+a)]

s
s2—q?

a
s2—q2"

5. L[sinhat] =
Proof:

w.k.t. the Laplace transform is

Lf(®)] = [, e 'f(t)dt
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L [M] = lL[eat —_ e—at] { sinhx = ex_ze—x}

{* by Result 1}

1
2
1[ s+a—s+a |
2

| (s—a)(s+a)l
_1 [ 2a
) | (s—a)(s+a)l
_a
T s2_g2°
r(n+1) n!
6. L[tn] sn+l = sn+1°
Proof:

w.k.t. the Laplace transform is
LIF®] = [, e'f(Ddt
L[t"] = f e Stendt
[t”e_St] N

— e n-—1,—-st
_0+st t" e stdt

= I [ ] Y A R L
s -s 1o 0 -s
— TlTl 1f tn 2 —Stdt
= En_ln_z _f t0e=Std¢
s s
_ nlfest
- S_n[ ) ]0
_ nl [0-1
— n [__
n! rn+1)
= Gt (or) prvE] {*n'=r(n+ 1)}

1 1 2
7. L(1) = =, L(t) = 5,L(t») = 5
S S S

Proof:
w.k.t. the result 6 is L[t"] = % = s:il
Putn = 0, we have L[t°] = S:il = §
Putn = 1, we have L[t] = Sllil = Siz
Putn = 2, we have L[t?] = Szzil = 533
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8. L[] 2\/3—/zandL[t 2]=£.

1/2
Proof:

w.k.t. the Laplace transform is

LIF@®)] = [, e f(Ddt
L[t%] = [Jet (ti) dt

S
Takest=x=>t=; t 0 Io'e)
sdt = dx X 0 0o
1
1 o _ s\2 \dx
L[] = g e ()
= 1f e~ *x"3dx {~T(n) = foooe_xx"_ldx =(n-1'}
S.s 2
1. (1
=)
- T
= %
PROBLEM

9. Find L(t*+ 2t + 3).

Solution:
L[t? + 2t + 3] = L[t?] + 21[t] + 3
2,2 3
= Z+5+3

10. Find L[e~* sin bt).
Solution:
Lle™% sin bt] = fooo e Ste%sinbt dt

= fooo e~(@*)t sin bt dt

[ee)

—(s+a)
[ (e : (—(s + a) sin bt — bcos bt)]

~ [Z(Graz+p2)

= [O m( (s + a)sin0 — bcos 0)]

=0- (s+a)2+b2 (0 b)
_ b
~ (s+a)2+b2
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11. Find L[e"* cos bt].

Solution:
L[e™% cos bt] = fooo e Ste~a cos bt dt

= [7 e~ @+ cos bt dt

_[ e—(s+a)t b bsin b ©
= m(—(s+a)cos t + bsin t)]0

(s+a)?+b2

= [0 S (—=(s + a)cos0 — bsin 0)]

1

=0 —m(—(.s + a) - b)
_ st+a
“(s+a)2+b2
12. Find L[sin? 2t].
Solution:
wkit sin?2t = 2%

2

L[Sin2 2t] =L [#}

= %(L[l] — L[cos 4t])

1 [1 s ]
T2 ls  s2+442
_1 [ 42

~ 2 Ls(s2+16)

_ 8

T s(s2+16)

13.  Find L[sin3 ¢].

Solution:

(3sint—sin3t)
4

w.k.t. sin3t =

L[sin®t] =

S w

Llsint] — L[sin 3t]

=) =
52412 52432

B w
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_3 [52+32—(52+12)
T4 I(s2+12)(s2+32)

=3 [;]
T 4 l(s2+12)(s2+32)

6
T (s2+12)(s2+32)

14. Find L[f(t)] if f(t) = t* + cos 2tcos t + sin? 2t.

Solution:

w.k.t. 2cosAcosB = cos(A+ B) + cos(A —B)
L[cos 2t cos t] = % (L[cos 3t] + L[cos t])

1 S s
=‘(ﬁ+ﬁ)
2 \s“+3 s“+1

_ 1 253410s
T 2(s2+12)(s2+32)

_ s3+5s
T (s2+12)(s2+32)

21 2 (2 — 8
L[t*] = S3,L[sm 2t] = T

L[f(t)] = L[t2] + L[cos 2tcos t] + L[sin22t]

2 s345s 8

s3 (s2+12)(s2+32) = s(s2+16)

0 0<t<?2

15.  Find L[f(t)] where f(t) = {3 t>2

Solution:

w.k.t. the Laplace transform is
LIfD] = [, e™tf(t)de
= [Zemstf(Dde + [ et f(Ddt
= foz e st.odt + fzoo e St3 dt

=3 fzoo e Stdt
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e—St
=3 [ -5 ]2
_ Ee—Zs.
S
TRY YOURSELF
LY
1. Find L[f ()] where f(t) = {(t 01) i i 1
. cost 0<t<
2. Find L[f(t)] where f(t) = {sint t>m K

LAPLACE TRANSFORM OF PERIODIC FUNCTION

1.  Find the transform of the rectangular wave as shown below.

2b 3b 4b 5b
Solution:
. 1 0<t<b
Given: f(t) = {_1 b<t<2b

The function is periodic in the interval (0, 2b)

1

f(t) = —== ) e stf(©)dt

= |l et e+ [ e (]

1

= ——= | et Wat + [ et (-]

- 1—e—2bs

1 e-st e—st12b
"~ 1-e~2bs ([ -s ]0 B [ -s ]b )

1 1-2¢~bste—2bs

s 1—e—2bs
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1 1-e~bs
s 1—e~2bs

= %tanh(?) .

2. What is the transform of the function shown below.
2b 4b 6b

Given the function can be represented as

Solution:

t 0<t<b

F@) = {Zb—t b<t<2b

ft) =—=m s e~ f (Bt

= =) et @t + [ et ()t

1

_ _[ [ et ydt + [ e 5t (2b — t)dt]

1—€_st
1 bs
= s_z tanh (?) .
3. Find L[te%].
Solution:

Lite™] = - (L(e™))
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4. Find L(t?e™3})

Solution:

2
L(t2e™) = (1225 L(e ™)
az (1
= ()

- % (_ (s+13)2)

2
T (s+3)3°

5. Find L[x*cos hax].

2
Solution: L[x?cos hax] = (—1)2 %L(cos hax)

-2(4 (=)

_a ((sz—az).l—s(ZS))

T ds (s2-a?)2

_d (s*+a®)
T ds(s?2-a?)?

B (52—a2)2(25)—(52+a2)2((52—az))(ZS)

- (s2—-a2)*

s?—a?)—(2s%+2a?)

= —(s? = a)(29)"

(s2—a?)*
_ —(s%+3a?)
=—(2s) a2y
6. Find L[tsin at]
Solution:
. d a 2as
L[tSln at] - ds (52+a2) - ((52+a2)2)
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7. Find L[te tsint].
Solution:
. d e d
L[te tsint] =—£(L(e tsint)) = ——F(s+1)

1
sZ2+1°

Where F(s) = L(sint) =

d 1 2(s+1)
ds (s+1)24+1  (s2+2s+2)2"

L[te tsint] = —
8. IL[f(t)] = F(s)and if £ haslimit as ¢ > 0 then L |2 | = [* F(s)ds.

Solution:

F(s) = LIf(®)] = [ e *'f(D)dt

JmF(s)ds = jojooe‘“f(t)dtds = joojme‘“f(t)dsdt
s J o 0 Js

- [Zf® [ett]:o dt = [ 18 e=star
=L [@]
t

9.  Find L |8

Solution:

Here f(t) = 1 -t

Now, llmt_,0 _ltl_r)%t[l—(1+%+';_2!+...)]
[-3-5-]

W.K.T. L[f(t)] =F(s) and if @ has limit as t — 0 then L[@] = fsoo F(s)ds.
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_ pt ©
L[l tel:fs L(1—eb)ds

© 1 1
S (C—pds

[logs —log s — 1]

= [logsi—1 :o
=0 —log :—1
= logs;—1
10. Find L[|,
Solution:
L [lft] = [ L(sinat)ds = [ S zds
]
=tan"! oo —tan™?! (z)
()
=cot™! (i)
11. Evaluate fooo e %t sin 3tdt.
Solution:
w.k.t. fooo e *'sinatdt = L(sinat) = staZ

Puts =2and a = 3 we get
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© ot . _ 3 _ 3
e “tsin 3tdt = =—
fO 22432 13

12. Evaluate f0°° te 3'cost dt.

Solution:

Take f(t) = cost

s
sZ+1

LIf(t)] = L[cost] =

L[tcost] = (—1)1%( > )

s2+1

_ (s+1).1-s(25)
(s?2+1)?

_ (s2-1)
T (s2+1)2

((s+3)%2-1)

L[e™3(tcost)] = (T3

“te 3tcost dt = L[e 3t (tcost)] = i[puts = 0]
0 100

e—t_e—Zt

t

13. Evaluate | 000 dt.

Solution:

o _ e_t_e_Zt _ e—t_e—Zt
fo est —dt = L[ - ]
=["L(e™) — L(e7?)ds

co 1 1
=J, G- 5)ds

S+2

s+2

s+1

Puts = 0 we get

o —t_, -2t
Jy e"“%dt = log 2.
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UNIT V
INVERSE LAPLACE TRANSFORMS
DEFINITION:

HF(s)] = f(x) and f(x) is

called the inverse Laplace transform. Since L is linear and L™? is also linear.

Let f(x) is continuous and L[f(x)] = F(s) we have L~

RESULTS:
Lt =1 2.1 5] =«
3.L71 ﬁ] =e™ 4. 171 sZiaZ] = sin ax
417 5 2] = cos ax 5.L7Y 5 2] = sinh ax
5.L71 sZ—aZ] = cosh ax 6. L1 (s—la)z] = xe™

1.  Find the inverse Laplace transform of sz

Solution:

s
s2a2+b?

Given F(s) =

1

o el A

a

Where, f(sa) = .So, f(s) =

s2a?+b? 2+b2 52+b2

Now, L7t [ =27t [ 2] = L= p(sa)] = 2x D ()

Where f(t) = L71[f(s)]=L1 [Szibz] = cos bt
£(5)=cos ().

"] =@ ()
Hence L [52a2+b2] 2C0s(—).
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Property 1: If L[f(t)] = F(s) then L[t f(t)] = —F'(s).
Property 2: L™[F'(s)] = —tL™1[F(5)]

2.  Find inverse Laplace transform of —2+a2)2

Solution:

s
(s2+a?)?

Let F'(s) =

F(s) = f[;]ds=—l :

(s2+a?2)? 2s2+a?

L~ [(52+Sa2)2] =—tL” [_552+a2]

-
2 s2+a? 2a s2+a?

t .
=—sin at.
2a

3.  Find inverse Laplace transform of

(s2- 1)2'
Solution:
Let F' (S) = (2—1)2
1
F(S) [( 2— 1)2] ds = 2(52—1)

(5251)2] =—tl [_ 2(521—1)

- %L_l [521—1]

= Lsinht.
2

. 1 2(s+2)
4. Find L' |Z50 5)2].

Solution:
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2(s+2)

Let F’(S) = m

F) = [ | amts] ds = = [ dGpiers)

(s2+4s+5)2 52+45+5
-1
F(S) T s2+44s+5
S 26+2) 1 -1 1
L [(52+45+5)2 =—tL [sz+4s+5]
— 71 1
=tL [(s+2)2+12]
= te *'sint
ind L1 [10g (22
5. Find L [log (s+b)].
Solution:
= 1 s+1
Let f(t) = L [log (5—1)]

LIF(©)] = log () = F(s)

s+1

Litf ()] = —F'(s) = _% log (_)

=— % [log(s + 1) —log (s — 1)]

_ [ 1 1
- s+1 s—1

tf(t) = — L1 [5%1] + L1 L_il

]
=et.1—e"t1

= 2sin ht

2sinht
t

Hence f(t) =
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6. Find L' ||

Solution:
-1 S _ i -1 [ 1 ]
L [52+k2]_ dtL s2+k2
d [sink
=— [Sm t] = cos kt
dt
sin kt

Here, — = Owhent = 0.

. -1 S
7. FindL [—(s+3)2+4]°
Solution:
S _|=4- -1
[(s+3)2+4] T [(s+3)2+4] Since L~ [SF(S)] [F(s)]

d _3p,_ 1
= 2 ,-3tp 1[ ]
dt 52422

d _3;1,_ 2
= 2 ,-3tly 1[_]
dt 2 52422

d1 _ap .
= —=e3sin2t
dt 2

= %(e‘“. 2 cos 2t + sin 2t(—3e73Y))

3 sin 2¢).
8. Find L1 [L]

s2+4s+13

Solution:
Vs = sl - sl
$2+4s+13 s2+4s+13 $2+4s+13
- i il =307
dt $2+4s+13 s2+4s+13

=1 ) 3 )
dt $2+4s+4+9 $2+45+4+9
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=l w3 el

d _>¢ Sin3t _>¢ Sin3t
:—[e 2t ]_3[e 2t ]
dt t t

é [e~2t 3cos 3t — 2e 72 sin 3t — 3e~ 2! sin 3t]

-2t

63 [3 cos 3t — 5sin 3t]

9. Find L[],

Solution:

L [(5:2)2] - %L_l [(s+12)2]
e
= S(e70)

=(—2e %t +e72)

=e 2(1 - 2t)

10. Find L[]

Solution:

L [(si21)3] - %L_l [(5—51)3]
S cG=2)

_ 4, ¢t
- dt(e z)

et 2
:?(t +4t+2).
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Property 3: If L™ [{ F(s)| = [; L"![F(s)] d
Proof:
wkt L [ IN f(x)dx] = 2L[f(t)]

Let F(t) = [ f(x)dx. Then F'(t) = f(t) and F(0) =

L[F(t)] = sF(t) — F(0) = sF(t) = s] f(x)dx
0

t 1
[ rwax =1
0

11. Find L~ [ (M)]

Solution:

L_l [s(si—a)] - fOt L- [(s+a)] dt

wkt L7 [2F(s)| = [T L [F(s)] at

] = e [

= fot e_at(l)dt
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12. Find L1 [;]

s2(s2+a2)]’

Solution:

wkt L7V 2F(s)| = [y LF(s)]d

S v Rl U P K

— tlL—l [L] dt

0a (s2+a?)

_ ftsinat dt

0 a

t
1 cosat 1
= [—— ] = ——(cos at — cos 0)
a a Iy a

= % (1 —cosat)
13. Find L7 [~

(s2+a2)2]

Solution:

wkt L7V [2F(s)]| = [y LM F(s)] dt

) =1 ]

= [ L [m] dt

_ft tsin at
~J0  2a

dt

t

1 [—tcosat sinat
e

" 2a a a? lp

= % (sinat — atcosat)
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. -1
14. Find L [s(s+1)(s+2)].

Solution:

1
s(s+1)(s+2) s +E+E

= A(s+1)(s+2) + Bs(s+2) +cs(s+1)
Puts = —1wegetB = -1

Puts = OwegetA = =

Puts = —2wegetC =

1 1 1 1

s(s+1)(s+2)_2_s s+1  2(s+2)

el 2 B ] 2
L [s(s+1)(s+2) 2 s+1 + s+2
=1 gty lg-at
2 2

1

. -1
1S. Find L [(s+1)(sz+2s+2) :

Solution:

1 A Bs+C
(s+1)(s2+25+2) (s+1) = (s%2+2s+2)

1 =A(?+25+2) +(Bs+C)(s+1) = A(s*+2s+2) +Bs(s+1)+C(s+ 1)
Puts = —1wegetd =1
Equating the coefficient of s on both sides we get

0=A+B=2B = -1

Puts = Owegetl = 24 + C>C = -1

1 1 —s-1
(s+1)(s2+2s+2)  (s+1) = (s2+2s+2)
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1 1 s 1
(s+1)(s2+25+2)  (s+1)  (s242s+2) (s2+2s+2)

L7 [m] =L [(541-1)] - [ﬁ]

=L [(511)] - [(sJ:)rﬁ]

et _e—tL—l[ s ]

52412

“t _e~tcost

=e
=e t(1 — cost)

. -1 1+2s
16. Find L [—(M)Z (s_l)z].

Solution:

3+6s
(s+2)2(s—1)2

1+2s _ 1 3(+2s) _ 1
(s+2)2(s—=1)2 3 (s+2)2(s-1)2 3

15%2-5244—14+45+2s

T3 (s+2)2(s—1)2

15%+4s+4—-s2+25—-1
3 (s+2)2(s—1)2

15%+454+4—(s%2-25+1)
3 (s+2)2(s—1)2

_ 1(s+2)*=(s-1)?
T3 (s+2)2(s-1)2

11 1 1
T 3(s—1)2 3 (s+2)?

L ﬁ] - %L_l [ﬁ] B %L_l [(s+12)2]

= % (tet — te™2H)

= g (et —e™2).
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17. FindL—l[ cstd ]

(s+a)2+b?

Solution:

1 i = U el 1 ]

_ -1 s ] -1 1

=cl [(s+a)?+D2] +dl [(s+a)2+b2]

_ g—1]| sta-a ] -1 1

=cl [(s+a)2+D2] +dl [(s+a)2+b2]

_y-tfsta ] _ g1 a _1 1
=cl | (s+a)2+b2] cL [(s+a)2+b2] +dL [(s+a)2+b2]

= cem L[] - acL ! [m] +dL [—(S+a;+b2]

1
s2+b2

=ce %1 [ ] e [ ] +de L7t [ﬁ]

s2+b2

:bce‘“" _1[ s ]_ace‘ax _1[ b ]+de“1x _1[ b ]
b 52+b? b 52+b? b 52+b2

bce™ %% ace™ % de™ X

e . .
= —,—cos bx — sin bx + sin bx

—ax

=2 — [bc cos bx — ac sin bx + dsin bc].

. -1 1
18, Find L7 [ 5]

Solution:

wkt L1 EF(S)] = [I LY F(s)] dt
e Al L P L
= o 17 [l

SN [m] dt.
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= fotetL‘1 [ﬁ] dt

t sin 2t
= [ et dt
0 2

=1 [e—t (—2cos 2t + sin 2t)]t
2 112422 0

et o . el .
=—[sin 2t — 2 cos 2t] — —[sin 0 — 2 cos 0]
10 10

= 2 [sin2t — 2 cos 2t] — = (2
=5 lsin cos 10( )

et | . 2
=—[sin 2t — 2 cos 2t] + —.
10 10

sE—s+2
s(s—=3)(s+2)1°

19. Find L1 [
Solution:

s?-s+2 A

B C
s(s=3)(s+2) T s s—=3  s+2

s2—s+2=A(G—-3)(s+2+Bs(s+2)+Cs(s—3)

Put s=0wegetd = —§

Put S=3wegetB=E
15

Puts=—2wegetC=§

—1_sPmst2 1 1,41 H 8 -1 [L 411 [L
L [s(s—3)(s+2) 3L s +15L s-3 +5L S+2

-3 [ et Pt

S
__1 8 3t 4 ot
= 3(1)+1se (1)+5e (D

— 1y 8 g3t e
3 15 5 ’
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N -1 1
20. Fll‘ld L I:(s_]_)(s+3)(sz+1):|.

Solution:

1 A B Cs+D

(s—1)(s+3)(s2+1) s—1 = s+3  s2+1

1=A40G6+3)(s?+1)+B(s—1(s?+1)+(Cs+D)(s—1)(s + 3)

Puts = —3wegetB=—i
40
Puts = 1wegetA=%
Puts = 0wegetD=—§
Put s = —1 and solving we get C = —%
1 11 1 1 1 s 1 1

(s—1)(s+3)(s2+1) 8s—1 40 s+3 10s2+1 5s2+1

L [(5—1)(s+13)(52+1)] - %L_l [i N %L_l [i] N 1_10L_1 [szi-l] N %L_l [S:I-l]

— ~cosx —Isinx

21. Find L[5,

Solution:

e = b
S = o e

_4,  -pt —bt
= dt(e )+ ae

= (-be~bt) +ae~bt,
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TRY YOURSELF

1. FindL-l[ 5*3 ]

(s2+6s+13)2
SOLVING DIFFERENTIAL EQUATIONS USING LAPLACE TRANSFORM

2
“2+22— 3y =sintgiventhaty =2 = 0.

1.  Using Laplace transform solve ) .

Solution:

Given y" + 2y’ — 3y = sint
Taking Laplace transform on both sides
Lly" + 2y' — 3y] = L[sint]

L[y"]+ 2L[y'] — 3L[y] = L[sint]

1

(s?L[y] — sy(0) —y'(0)+2(sL[y] — ¥(0)) — 3L[y]=

s2+1
(s2L[y] — s(0) — 0)+2(sL[y] — 0) — 3L[y] = Szlﬂ
s®L[y] + 2sL[y] — 3L[y] = 521+1
LYIs? + 25 = 3= D LG +3)(s - 1) = 5=

1
T (s+3)(s—1)(s2+1)

Ly]

1 _ A B Cs+D
(s+3)(s—1)(s2+1)  (s+3) (s—-1) = (s2+1)

1=AG—-1)(?+1)+B(s+3)(s?+1)+(Cs+D)(s+3)(s—1)

Put s = 1 we get Bzé

Puts = -3 weget A= -2
40

Put s = 0 we get D=—§
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Equating the coefficient of s on both sides we get

A+B+C=0.SolvingwegetC:—%

1 1 1 1 1 N 1 1
40 (s+3) 8(s—1) 10(s%2+1) 5(s2+1)

Lly] =

y=- %L_l [(s%)] + %L_l [ﬁ] B 1—10L‘1 [(szs-i-l) B iL_l [(521+1)

y = —%e‘g’t + %et — %cost — gsint

2.  Using Laplace transform solve Z% + 4y = Asink t given that y(0) = y'(0) =0
when t = 0.

Solution:
Giveny" + 4y = Asinkt

Taking Laplace transform on both sides

L[y" + 4y] = L[Asink t]

L[y"] + 4L[y] = AL[sink t]

(s2L[y] = 5y(0) — y' (0)+4L[yl=A —
2 Ak
(s°Llyl =s(0) = O)+4L[y]l = 5=
S2LIy] + 4Lly] =
Ak Ak
(s?+ DLyl =55 > Lyl = T

-1 Ak _ -1 1
y=L [(52+k2)(52+4)] = AkL [(52+k2)(52+4)]
Case (i):k # 2

1 __ As+B Cs+D
(s2+k2)(s2+4)  (s2+4) = (s2+k2)
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1=As(s? +k?)+ B(s? + k?) + Cs(s? + 4) + D(s* + 4)
Equating the coefficient of s3 on both sides we get 0 = A + C
Equating the coefficient of s% on both sides we get 0 = B + D
Equating the coefficient of s on both sides we get 0 = Ak? + 4C
Solving these equations we get A = 0,C =0

Puts = 0 we get Bk? + 4D = 0

1 1
andD=———
k2—4 k2—4

Since B = —D we get B =

1 1
_ -1 1 _ -1 | _k2-2 | _ -1|_k2-a
y = AkL [(sz+k2)(52+4)] = AkL I(52+4) l AkL l(52+k2) l

y= ki”_: (L_l [(szj—ZZ)] - L7 [(szikz) ])

_ Ak (sinzt sinkt)
T k2-4\ 2 k

Case (ii): k = 2

— -1 1
y=A@)L [(52+22)(52+4)]

2417 [ | = 2407 [ |

(s2+22)2 s(s2+22)2

y =241 | at

s(s2+22)2

wkt LV [2F(s)| = [y LU F()]dt.

_ 24t g 4s
L

y = %fot tsin 2t dt

y= %[uv —u'v; +u''vy, — -] where u = t,dv = sin 2tdt
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4 2 4

. t
2A tcos 2t sin 2t
= + ]
0

__ 24 [—Ztcos 2t+sin Zt]t
Y=3 4 0

y= %(sin 2t —2cos2t) = g(sin 2t — 2 cos 2t)

3.  Using Laplace transform solve 3% + % +2x =1, % + 4% + 3y = 0 given that
x=y=0 whent=0.

Solution:
Given3x'+y ' +2x=1,x"+4y"+3y =0

Taking Laplace transform on both sides

L[3x"+y" + 2x] = L[1]

3L[x"1+ L[y'] + 2L[x] = L[1]

3(s L[x] = x(0))+(s L[y] = y(0))+2 L[x] = L[1]

3s L[x] + sLy] + 2L[x] = =

1

(3s + 2)L[x] + sL[y] = ¢ -----mmrmmmmmmmmoeeees (1)
Alsox' + 4y’ +3y =0

L[x" + 4y’ + 3y] = L[0]

L[x'] + 4L[y'] + 3L[y] = 0

(s L[x] = x(0))+4(sL[y] — y(0))+3 L[y]=0
sL[x] + 4sL[y] + 3L[y] = 0

sL[x]+ (4s+ 3)L[y] =0

(4s + 3)L[y] = —sL[x]
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L[x] _ _ (4s+3)L[y]

N

From (1), (3s + 2) (— (‘“fﬂ)

1
+sLly] = <

—(35+2)(4s+3)L[yl+s?Lly] _ 1

N N

(—1252-95—8s-6)L[y]+s%L[y] _

1
N s

(—11s2-17s-6)L[y] _ 1 > _ (11s2+17s+6)Lly] 1

s S S $
1 -5 -1
L[y] - ; X (1152+17s+6) _(S+1)(11$+6)

Llx] = -2y

N

_ (45+3) -1
- s (s+1)(11s+6)

_ 45+3
~ s(s+1)(11s+6)
45+3 A B c

sG+1)(11546) s | (s+1) | (11s+6)

4s+3 =A(s+1)(11s+ 6) + Bs(11s + 6) + Cs(s + 1)

Put s = 0 we getd =%

1
Puts=—1wegetB=—E
6 33
Puts = ——we getC = ——
11 10
11 1 1 33 1

Llx] ===—

2s 5 (s+1) 10 (11s+6)

e [ - ) -5 [

= %L_l E] B §L_1 [(sil)] B 103(i1> L l(”l %)l
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_1 _ 1oty _ 3 -6/11t
x_z(l) s(e) 10°¢

1 A B
(s+1)(11s+6)  (s+1) (11s+6)

Llyl = -

1=A11s+6)+B(s+1)

Put s = —>we get B=1
11 5
Put s =—-1wegetd = —%
_ 1[4 B
y=-L (S+1)+(115+6)]

1
=-L [_E(s+1) ?(11s+6)

1,9 2 1 11 4] 1
5L [(s+1)] 5(11)L I(”%)l

1 1 1
=51 [(s+1) —sl [(5+1i)l

1 ¢ 1 _—6/11t
=-e‘t—-e
Y=5 5

4. Using Laplace transform solve % - % —2x+2y=1-2¢, ﬁ + 2 + x=0

giventhat x =y =x"=0 whent = 0.
Solution:

Givenx' —y' —2x+2y=1-2t
Taking Laplace transform on both sides
Lix"—y'—2x 4 2y] = L[1 — 2t]

LIx'] = LIyl = 2L[x] + 2L[y] = L[1] - 2L[t]

(s Llx] = x(0)) =(s L[y] = y(0)) =2 L[x] + 2L[y] = L[1] — 2L[¢]
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sLlx] = s Lly] - 2L[x] + 2L[y] = 2 - 2()

sL[x] = 2L[x] = s Lly] + 2L[y] = 5 - (i)

s2

LIxI(s —2) = Llyl(s — 2) = &2

Lix] = Lyl = 2 Llx] = 5+ L[y] —— (1)

s2

Givenx” + 2y’ +x =0

Taking Laplace transform on both sides we get

Lix" + 2y’ +x] = L[0]

L[x"]+ 2L[y'] + L[x] = L[0]

(s?L[x] — sx(0)—x"(0)) +2 (s L[y] — y(0)) +L[x] = 0
(s2L[x] — 0 — 0) +2 (s L[y] — 0) +L[x] = 0
s2L[x]+2s L[y] + L[x] = 0

(s + 1) L[x] = —2sL[y]

Substituting value of L[x] from (1) we get
(2 +1) (5 +L[y]) = —2sL[y]

1
1+s2Llyl+ 5+ LIyl + 2sL[y] = 0

1+ =+ s2L[y] + Lly] + 2sL[y] = 0

5241

+ (s?2+ 1DL[y] +2sL[y] =0

s2

s24+1

(s2+2s+1)L[y] = -

s2

sZ+1
s2(s2+2s5+1)

Lly] =
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From (1), L[x] = = + L[y]

s2

1 s2+1
T 52 s2(s2+2s+1)

_ s2425+1-s%-1
T s2(s242s+1)

Lix]=—2— > x=1L"! FL]

T s(s+1)2 s (s+1)2

whkt L EF()| = [J L F()] dt.

X = fO L [(s+1)2] dt
ot -1 1
=2, et 5] at
— 9 (to-t
=2 [ e "tdt
=2[—te"t — 1.e7 ]}
=2[(~te™* —e™") — (0 — )]
=2[(—te "t —e ) +1]

=2[(1 —e t —te )]

s2+1

—_ _7-1y_ > T
52(s2+2s5+1)

y—L[

_ -1 [1 52+1 ]
- s s(s+1)?

= — [ [

s(s+1)2

s’+1 _ A, B c

s(s+1)2 s s+1  (s+1)2

s2+1=A(s+1)*+Bs(s+1)+Cs

Puts =0wegetd =1
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Puts = —-1wegetC = -2
Equating the coefficient of s? on both sides
A+B=12B=0

2411 2
s(s+1)2 s (s+1)2

_(ty-1[ s+
Y= fOL [s(s+1)2]dt

o T
= — [y 1—2e7L7t 3] at
= —[[(1—2et)dt
=—[ldt+2 [ te"tdt
=[-t+2(te”" —e D]
=—t+2(tet—et)—(0+2(0—e?)
=—t+2(te "t —e™ ) —(2(-1))
y=—t+2(te t—et)+2
5.  Using Laplace transform solve t% -2+ % +3y=t-1.
Solution:
Giventy" —(2+t)y' +3y=t—-1
Taking Laplace transform on both sides we get
Lity" — 2+ t)y'+3y] = L[t —1]

Llty"] = @2+ L[yl +3L[y] = L[t — 1]
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Llty"] = 2L[y'] = L[ty'] + 3L[y] = L[t — 1]

—L[y"] - 2L[y'] + - L[y'] + 3L[y] = L[t] - L[1]

— = 2Lyl = sy(0)—y'(0)) —2(s LIyl — y(0)) +

1

= (s LIyl = y(0)) +3L[y] = 5 —+

1-s

— = (s2LIyD) —2(s LIyD) — 2sLy] + 5 s LIyD) +3L[y] = =

1-s

_g2 %L[y] — L[y].2s) — 2sL[y] + (s %L[y] + Lyl D +3Ly] =—

1-s

—s2 =Lyl +s = L[yl - 2sL[y] - 2sLly] + L[yl + 3L[y] = =

1-s

(s — 52)%[,[3/] —4sL[y] + 4L[y] = 2

s—1

—s(s — 1)Lyl = 4(s — DLyl = —==-

s2

da 1

—s—Llyl -4Llyl = -5

Sl I =3

ds s3

This is linear D.E in L[y] with P = %, Q= =

s3
4
Integrating factor = e/ P4¥ = /5%
L F = e%logs = elogs4 = g4

Lly].(LF)= [(I.F)Qds + C

1
s*Lly] = fs4s—3ds+C

2
S4L[y]=fsds+C=S7+C

2 c 1 c
Lyl=+5=5+2

s* 2s2 g%
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“te+ct
2 3!
_te
2 3!
. d’y | . dy . '
6.  Using Laplace transform solve Tt Y= 0if y(0) =0,y'(0) = 1.
Solution:

Giveny" +ty' —y =0

Taking Laplace transform on both sides, we get
Lly" +ty’ —y] = L[0]
Lly"]1+L[ty'] - Lly] =0
(s2LLy] = sy(0)—=y'(0)) == L[y'] —L[y] =0
(s2L[y] = sy(0)=y' (0)) — = (s LIy] = ¥(0)) — L[y] = 0
(s2Lly] = 1) == (s L[y]D) — L[y] = 0
(s?Lly] = 1) — (s LIyl + Lyl 1) = L[y] = 0
(s2LIy] = 1) =s== LIyl = Lly]. 1= L[y] = 0
s?LIy) =1 =s; Lly] = 2L[y] = 0
—s2L[y] + 1 +s— LIyl + 2L[y] = 0

a

s— Lyl = (s* = 2)Lly] =0

Ly - 2Lyl =0

ds S
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s2-2 2 1

Which is linear in L[y] where P = — —=--5 Q=-—-

2
Integrating factor = eJ P4% = e G9)as

200g5-% logs?-% logs? s
LLF=e""%9"2 =¢"%95 72 = ¢l095" 72 =52, ¢

Lly].(LF) = [(I.F)Qds + C

s2

L[y] (52. e_7) = f(sz. e_§> ( —g)ds

S

= —f(s.e_;> ds

2
Put tz—% -)dtz—zszﬁz—sds

s2

L[y] (52.6_7) = —fsetg [etdt

N

=et +C
$2
=e 2 +C
$2
e 2z C
Lly] = =z T 2
s2e 2 s2e 2

Hence y = L1 [Siz] = t.
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7. Solvel214% 5y =5ify(0)=0,y'(0) =2
Solution:

Giveny” + 4y’ —5y =5
Lly" + 4y’ —5y] = L[5]
Lly"] +4L[ly'] = 5Ly] = L[5]
(s*L[y] = sy(0)=y'(0)) +4(s L[y] = y(0)) — 5L[y] = L[5]
s2L[y] — 2 +4s L[y] — 5L[y] = 5L[1]

(s?—4s—=5)L[y]—2= 5§

(s+5)(s—-1DL[y] = g + 2

5 2
s(s+5)(s—-1) (s+5)(s-1)

Lly] =

5 A B

Cc
s(s+5)(s-1) T s s+5  s—-1

[N R

Solving we get A = —1 B = ,C=§

2 ) E
(s+5)(s-1) - (s+5) (s-1)

Solving we get D = %, E

1 11 51 11 11

s 6 s+5 6s—1 3s+5 2s5-1

1 11 21 51 31

s 6Ss+5 6 s+5 6s—1 6s—1

L[y] =_l+lL+lL

s 2s+5 35+5
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